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Related Rates - Classwork

%arlier in the year, we used the basic definition of calculus as 8the mathematics of change.< =e defined words that
meant change> increasing, decreasing, growing, shrinking, etc. @hange occurs over time. So, when we talk about
how a Cuantity changes, we are talking about the derivative of that Cuantity with respect to time.

%xample FG =rite the following statements mathematically.

aG Hohn is growing at the rate of $ inchesIyear. bG My mutual fund is shrinking by K centsIday.

cG Lhe radius of a circle is increasing by K ftIhr. dG Lhe volume of a cone is decreasing by 2 in$Isec.

%xample 2G  N rectangle is FO inches by # inches whose sides are changing.  =rite formulas for both the
                     perimeter and area and how fast each is changing in terms of L and W.

Perimeter                 Change of perimeter Area Change of area

a.  its length and width are increasing at the rate b. its length and width are decreasing at the rate
                  rate of 2 inchesIsec.     of 2 inchesIsec.

Change of perimeter Change of area    Change of perimeter           Change of area

c. its length is increasing at $ inchesIsec and the d.  its length is decreasing at the rate of 2 inchesIsec
                width is decreasing at $ inchesIsec.       and its width is increasing at .P inchesIsec.

Change of perimeter Change of area    Change of perimeter           Change of area

%xample $G  N right triangle has sides of $O and KO inches whose sides are changing.  =rite formulas for the area
                    of the triangle and the hypotenuse of the triangle and how fast the area and hypotenuse are changing

Area                 Change of area Hypotenuse Change of hypotenuse

aG  the short side is increasing at $ in.Isec bG the short side is increasing at $ in.Isec and the long
               and the long side is increasing at P inIsec.      side is decreasing at P in.Isec.

Change of area             Change of hypotenuse               Change of area           Change of hypotenuse
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%xample K.  N right circular cylinder has a height of FO feet and radius Q feet whose dimensions are changing.
                   =rite formulas for the volume and surface area of the cylinder and the rate at which they change.

Volume                 Change of volume Surface area Change of surface area

aG  the radius is growing at 2 feetImin and bG the radius is decreasing at K feetImin and the
                 the height is shrinking at $ feetImin.     the height is increasing at 2 feetImin.

Change of volume          Change of surface area                Change of volume               Change of surface area

Lo solve related rates problems, you need a strategy that always works.  Related rates problems always can be
recognized by the words 8increasing, decreasing, growing, shrinking, changing.< Tollow these guidelines in solving a
related rates problem.

F. Make a sketch. Uabel all sides in terms of variables even if you are given the actual  values of the sides.

2. Vou will make a table of variables. Lhe table will contain two types of variables " variables that are constants
    and variables that are changing. Wariables that never change go into the constant column. Wariables that are
    a given value only at a certain point in time go into the changing column. Rates Xrecognized by 8increasing<,
    8decreasing<, etc.G are derivatives with respect to time and can go in either column.

$. Tind an eCuation which ties your variables together. Yf it an area problem, you need an area eCuation. Yf it is a
    right triangle, the Pythagorean formula may work or gerenal trig formulas may apply. Yf it is a general triangle,
    the law of cosines may work.

K. Vou may now plug in any variable in the constant column. Never plug in any variable in the changing column.

P. [ifferentiate your eCuation with respect to time. Vou are doing implicit differentiation with respect to t.

#. Plug in all variables. \opefully, you will know all variables except one. Yf not, you will need an eCuation which
    will solve for unknown variables. Many times, it is the same eCuation as the one you  used above. [o this work
    on the side as to not destroy the momentum of your work so far.

]. Uabel your answers in terms of the correct units Xvery importantG and be sure you answered the Cuestion asked.

%xample PG Nn oil tanker spills oil that spreads in a circular pattern whose radius increases at the rate of PO
                    feetImin. \ow fast are both the circumference and area of the spill increasing when the radius of the
                    spill is aG 2O feet and bG PO feet^
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%xample #G N F$ foot ladder leans against a vertical wall. Yf the lower end of the ladder is pulled away at the rate
                    2 feet per second, how fast is the top of the ladder coming down the wall at aG the instant the top
                    is F2 feet above the ground and bG P feet above the ground^

%xample ]G  N camera is mounted $,OOO feet from the space shuttle launching pad. Lhe camera needs to pivot as
                    the shuttle is launched and needs to keep the shuttle in focus. Yf the shuttle is rising vertically at

        QOO feetIsec when it is K,OOO feet high, how fast is the camera"to"shuttle distance changing^

       Yn this problem, how fast is the angle of elevation of the camera changing at that moment in time^

       =hat variable are we trying to find^ ________ Since this is a function of ! , we need a trig function.
       Lhere are three trig functions we could use. Uet`s try all three and determine which is best.

        sin! ! y
z

                     cos! ! x
z

tan! ! y
x
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%xample QG Lwo cars are riding on roads that meet at a 60" angle. @ar N is $ miles from the intersection
       traveling at KO mph and car a is 2 miles away from the intersection traveling at PO mph. \ow fast
       are the two cars separating if aG they are both traveling away from the intersection and bG car N is

                   traveling away from the intersection and car a is traveling towards it^

%xample bG Sand is poured on a beach creating a cone whose radius is always eCual to twice its height. Yf the sand
is poured at the rate of 20  in sec3 , \ow fast is the height changing at the time the height is
aG 2 inches,  bG # inches^

%xample FOG =ater is draining from a conical tank at the rate of 2 meter sec3 . Lhe tank is F# meters high and its
top radius is K meters. \ow fast is the water level falling when the water level is aG F2 meters high,
bG 2 meters high^
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Related Rates - Homework

F.  N circle has a radius of Q inches which is changing.  =rite formulas for its circumference and area.

Circumference            Change of circumference Area Change of area

     aG  its radius is growing at the rate of $ in.Imin. bG  its radius is shrinking at the rate of
 

1
4

inchIsec.

Change of cirumference          Change of area Change of cirumference          Change of area

     cG  its diameter is growing at the rate of K ydImin. dG  its radius is shrinking at the rate of F
 
inchIsec.

Change of cirumference          Change of area Change of cirumference          Change of area

2.  N sphere has a radius of b feet which is changing.  =rite formulas for its volume and surface area.

       Volume                 Change of volume Surface area Change of surface area

     aG  its diameter is growing at the rate of F ydImin. bG  its radius is shrinking at the rate of 
3
4  

inchIsec.

       Change of volume          Change of surface area Change of volume               Change of surface area

$.  N right circular cone has a height of FO feet and radius # feet,  both of which are changing. =rite a formula for
the volume of the cone.

Volume                 Change of volume

aG the radius grows at # ftIsec, the height shrinks bG the diameter is shrinking at # ftIsec and the height
     at F2 inIsec      is growing at 2 ftIsec.

 Change of volume    Change of volume
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K.  N rectangular well is # feet long, K feet wide, and Q feet deep. Yf water is running into the well at the rate of
      $ ft$Isec, find how fast the water is rising Xkeep in mind which variables are constant and which are changingG.

P.  N spherical hot air balloon is being inflated. Yf air is blown into the ballon at the rate of 2 ft$Isec,

a.  find how fast the radius of the balloon is changing b.  find how fast the surface area is increasing
           when the radius is $ feet.      at the same time.

#.  N F2 foot ladder stands against a vertical wall. Yf the lower end of the ladder is being pulled away from the wall
at the rate of 2 ftIsec,

aG how fast is the top of the ladder coming down the b. how fast is the angle of the elevation of the
    wall at the instant it is # feet above the ground^     ladder changing at the same instant^

].  Superman is in level flight # miles above ground. \is flight plan takes him directly over =issahickon \igh.
\ow fast is he flying when the distance between him and =\S is exactly FO miles and this distance is
increasing at the rate of KO mph^

Q.  Lwo roads meet at an angle of #Oo.  N man starts from the intersection at F PM and walks along one road at   $
mph. Nt 2>OO PM, another man starts along the second road and walks at K mph. \ow fast are they separating
at K PM^
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b.  N boy flies a kite which is F2O ft directly above his hand. Yf the wind carries the kite horizontally at the rate of
$O ftImin, at what rate is the string being pulled out when the length of the string is FPO ft^

    

120

150

FO.  Lhe same boy flies a kite which is now FOO feet above the ground. Yf the string is pulled out at the rate of FO
ftIsec because the wind carries the kite horizontally directly away from the boy, what is the rate of change of
the angle the kite makes with the vertical when the angle is $Oo.

   

100

    30o

FF.  N baseball diamond is a bO"foot sCuare. N ball is batted along the third"base line at a constant rate of FOO feet
per second. \ow fast is its distance changing from first base at the time when aG the ball is halfway to $rd base
and bG it reaches $rd base.

90 90

3rd

2nd

1st

F2. N plane is flying west at POO ftIsec at an altitude of K,OOO ft. Lhe plane is tracked by a searchlight on the
ground. Yf the light is to be trained on the plane, find the change in the angle of elevation of the searchlight at a
horizontal distance of 2,OOO ft.
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F$. N revolving light located P miles from a straight shore line turns with a constant angular velocity. =hat
velocity does the light revolve if the light moves along the shore at the rate of FP miles per minute when the
beam makes an angle of #Oo with the shore line^

5

60o

FK. \ow fast does the radius of a spherical soap bubble change when you blow air into it at the rate of FO cm$Isec
at the time when the radius is 2 cm^

FP.   \ow fast does the water level drop when a cylindrical tank of radius # feet is drained at the rate of $
ft$Imin^

F#.   N hot air balloon, rising straight up from a level field, is tracked by a range finder POO feet from the lift"off

point.  Nt the moment the range finder`s elevation angle is
"
4

,  the angle is increasing at the rate of O.FK

radiansImin.  \ow fast is the balloon rising^
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F].  =ater runs into a conical tank at the rate of b ft$Imin.  Lhe tank stands vertex down and has a height of FO
feet and a base radius of P feet.  \ow fast is the water level rising when the water is # feet deep^   (Hint: use
the picture and the variables shown below)

     

r

5 ft

h

10 ft

r = radius of water
     surface at time t

h = depth of water
      surface at time t

FQ.  Lwo truck convoys leave a depot at the same time.  @onvoy N travels east at KO mph and convoy a travels
north at $O mph.  \ow fast is the distance between the convoys changing aG  # minutes later, bG  $O minutes
later.

Fb.  Lwo commercial cets at KO,OOO ft. are both flying at P2O mph towards an airport.  Plane N is flying south and
is PO miles from the airport while Plane a is flying west and is F2O miles from the airport. \ow fast is the
distance between the two planes changing at this time^

2O.   N spherical Lootsie Roll Pop that you are encoying is giving up volume at a steady rate of O.2P in$Imin.  \ow
fast will the radius be decreasing when the Lootsie Roll Pop is .]P inches across^
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2F.  Lhe mechanics at Loyota Nutomotive are reboring a #"inch deep cylinder to fit a new piston.  Lhe machine
that they are using increases the cylinder`s radius one"thousandth of an inch every $ minutes.  \ow rapidly is
the cylinder volume increasing when the bore XdiameterG is $.QO inches^

22.   Sand falls at the rate of $O ft$Imin onto the top of a conical pile.  Lhe height of the pile is always
 

3
8

 of the

base diameter.  \ow fast is the height changing when the pile is F2 ft. high^

2$.  N rowboat is pulled toward a dock from the bow through a ring on the dock # feet above the bow. Yf the rope
is hauled in at 2 ftIsec, how fast is the boat approaching the dock when FO feet of rope are out^

10 feet
of rope

  6 
feet
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2K.  N particle is moving along the curve whose eCuation is 
xy
y

3

21
8
5#

! .     Nssume the x"coordinate is increasing at

the rate of # unitsIsec when the particle is at the point XF, 2G.  Nt what rate is the y"coordinate of the point
changing at that instant. Ys it rising or falling^

2P.  N balloon is rising vertically above a level, straight road at a constant rate of  F footIsec.  Hust when the
balloon is #P feet above the ground, a bicycle passes under it going F] feetIsec.  \ow fast is the distance
between the bicycle and balloon increasing $ seconds later^
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2#.   @offee is draining from a conical filter into a cylindrical coffeepot at the rate of FO in$Imin. aG \ow fast is
the level in the pot rising when the coffee in the filter is P inches deep^   bG  \ow fast is the level in the cone
falling then^

       

6 inches

6 inches

6 inches

How fast is
this level falling?

How fast is
this level rising?

2].  dn a certain clock, the minute hand is K in. long and the hour hand is $ in. long. \ow fast is the distance
between the tips of the hands changing at K P.M^

12

4
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Straight Line Motion - Classwork

@onsider an obcect moving along a straight line, either horizontally or vertically. Lhere are many such obcects,
natural, and man"made.  =rite down several of them.

   \orizontal  _________________________________   Wertical ___________________________________

                      _________________________________          ___________________________________

Ns an obcect moves, its position is a function of time. Tor its position function, we will denote the variable
s t( ) . Tor instance, when s t t t( ) ! # #2 2 3, t in seconds, s t( ) , we are being told what position on the horizontal or
vertical number line the particle occupies at different values of t.

%xample FG Tor s t t t( ) ! # #2 2 3, show its position on the number line for t = O, F, 2, $, K.

0-1-2-3-4 1 2 43 5

=hen an obcect moves, its position changes over time. So we can say that the velocity function, v t( )  is the change
of the position function over time. =e know this to be a derivative, and can thus say that v t s t( ) ! $( ) .

Tor convenience sake, we will define v t( ) in the following way.

Motion v t( ) & 0 v t( ) ' 0 v t( ) ! 0

\orizontal Uine obcect moves to the right obcect moves to the left obcect stopped
Wertical Uine obcect moves up obcect moves down obcect stopped

Speed is not synonymous with velocity. Speed does not indicate direction. So we define the speed function>

speed   ! ( )v t  . Lhe speed of an obcect must either be positive or zero Xmeaning that the obcect is stoppedG.

Lhe definition of acceleration is the change of velocity over time. =e know this to be a derivative and can thus say
that a t v t s t( ) ! $( ) ! $$( ). So given the position function s t( ) , we can now determine both the velocity and
acceleration function.  dn your cars, you have two devices to change the velocity> ________________________.
Uet us think as something accelerating the obcect to be some external force like wind or current. Tor convenience
sake, let us define the acceleration function like this>

Motion a t( ) & 0 a t( ) ' 0 a t( ) ! 0
\orizontal Uine obcect accelerating to the right obcect accelerating to the left velocity not changing
Wertical Uine obcect accelerating upwards obcect accelerating downwards velocity not changing

Hust because an obcect`s acceleration is zero does not mean that the obcect is stopped.  Yt means that the velocity is
not changing. =hat device do you have on your cars that keeps the car`s acceleration eCual to zero^ ___________

Nlso, cust because you have a positive acceleration does not mean that you are moving to the right. Tor instance,
suppose you were walking to the right v t( ) &( )0 , when all of a sudden a large wind started to blow to the left

a t( ) '( )0 .  =hat would that do to your velocity^ ___________________________________
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%xample 2G fiven that a particle is moving along a horizontal line with position function s t t t( ) ! # #2 4 2 .
            Lhe velocity function v t( ) !____________  and the acceleration function a t( ) !_______________

       Uet`s complete the chart for the first P seconds and show where the obcect is on the number line.

t s t( ) v t( )
    
  v t( ) a t( ) [escription of the particle`s motion

O

F

2

$

K

P

Yt is too much work to do such work for complicated functions. =e are generally interested when the particle is
stopped or when it has no acceleration. =e are also interested when the obcect is speeding up or slowing down.
Realizing that an obcect`s velocity is either, positive Xmoving rightG, negative Xmoving leftG or zero XstoppedG and an
obcect`s acceleration is either positive , negative,  or zero Xconstant speedG, we can now use a chart to determine all
the possibilities of an obcect`s motion as if you were looking at it from above.

a t( ) & 0 a t( ) ' 0 a t( ) ! 0
v t( ) & 0
v t( ) ' 0
v t( ) ! 0

%xample $G N particle is moving along a horizontal line with position function s t t t( ) ! # #2 6 5 . [o an analysis
                   of the particle`s direction Xright, leftG, acceleration, motion Xspeeding up, slowing downG, g position.

      Step F> v t( ) !  __________   So v t( ) ! 0at t ______
      Step 2>  Make a number line of v t( )  showing when       v t( )  h________________________________
                   the obcect is stopped and the sign and                      O

                direction of the obcect at times to the
                   left and right of that. Nssume t i O.
      Step $> a t( ) !______ . [oes a t( ) ! 0^ _____
      Step K>   Make a number line of a t( ) showing          a t( ) h________________________________
                    when the obcect has a positive and                  O
                    negative acceleration. Scale it exactly
                    like the v t( )  number line.
      Step P>   Make a motion line directly below     motion  h________________________________
                    the last two putting all critical values,                       O
                    multiplying the signs and interpreting
                    according to the chart above.

        Step #>   Make a position graph to show where the      position  _______________________________
                    obcect is at critical times and how it moves.
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%xample KG N particle is moving along a horizontal line with position function s t t t t( ) ! # # #3 29 24 4 . [o an
        analysis of the particle`s direction, acceleration, motion Xspeeding up or slowing downG, and position.

                                             

0

0
  

 v t( )

    

0
motion

position

  a t( )

              jote that the position graph is not like the other three graphs. Yt simply shows the position the obcect
  has with respect to the origin and critical times of its movement found by setting  v t a t( ) ( ) ! and 0.

=hen an obcect is subcected to gravity, its position function is given by s t t v t s( ) ! # # #16 2
0 0 , where t is measured

in seconds, s t( )  is measured in feet, v0  is the initial velocity Xvelocity at t = OG and s0  is the initial position

Xposition at t = OG. Lhe formula is given by s t t v t s( ) ! # # #4 9 2
0 0.  if s t( )  is measured in meters.

Trom our original s t t v t s( ) ! # # #16 2
0 0 , we can calculate the velocity function v t( ) !________ and the

acceleration function   a t( ) !________. Lhis is the acceleration due to gravity on earth.

 =hen an obcect is thrown upward, it is subcected to gravity, =e are usually interested how high the particle
  reaches and how fast it is going when it impacts the ground or water. Uet us analyze what these mean>

 =hen an obcect reaches its maximum height,            =hen an obcect hits the ground, what is its
 what is its velocity^ _________________            final position^ _____________

 So to find the maximum height of an obcect,            So, to find the velocity of an obcect when it
 set v t( ) ! 0, solve for t, and find s t( )                       hits the ground, set s t( ) ! 0, solve for t, and find v t( )

%xample PG  N procectile is launched vertically upward from ground level with an initial velocity of FF2 ftIsec.

a.  Tind the velocity and speed         b. \ow high will the procectile c. Tind the speed of the
            at t = $ and t = P seconds.               rise^                 procectile when it hits the ground.
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%xample PG  Lhe eCuations for free fall at the surfaces of Mars, %arth, and Hupiter Xs in meters, t in secondsG are>
                  Mars> s t t( ) !1 86 2. ,  %arth> s t t( ) ! 4 9 2. , Hupiter> s t t( ) !11 44 2. . \ow long would it take a rock,

          initially at rest in a space capsule over the planet, to reach a velocity of F#.# mIsec^

Mars           %arth       Hupiter

%xample #G  N rock thrown vertically upward from the surface of the moon at a velocity of 2KmIsec reaches a
        height of   s t t! #24 0 8 2.  meters in t seconds.

aG  Tind the rock`s velocity and acceleration as a             bG \ow long did it take the rock to reach its highest
           function of time. XLhe acceleration in this case      point^
            is the acceleration on the moonG

cG  \ow high did the rock go^ dG \ow long did it take the rock to reach half its
      maximum height^

eG  \ow long was the rock aloft^ eG Tind the rock`s speed when hitting the moon.

%xample ]G  N ball is dropped from the top of the =ashington Monument which is PPP feet high.

       aG \ow long will it take for the ball to hit the bG Tind the ball`s speed at impact.
            ground^

%xample QG  Paul has bought a ticket on a special roller coaster at an amusement park which moves in a straight
                     line. Lhe position s t( ) of the car in feet after t seconds is given by> s t t t t( ) ! # # % %. . ,01 1 2 0 1203 2    

aG  Tind the velocity and acceleration of the bG =hen is the roller coaster stopped^
           roller coaster after t seconds^

cG =hen is Paul speeding up and slowing down^ dG =here is Paul at critical times of his ride^
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Straight Line Motion - Homework

N particle is moving along a horizontal line with position function as given. [o an analysis of the particle`s
direction, acceleration, motion Xspeeding up or slowing downG, and position.

F. s t t t( ) ! # #2 6 2 2. s t t t t( ) ! # # #3 26 9 4

$. s t t t t( ) ! # # # #3 29 24 1 K.  s t t
t

( ) ! #
#

#
9

1
1

P.  N KP"caliber bullet fired straight up from the surface of the moon would reach a height of s t t! #832 2 6 2.  feet
after t seconds.  dn %arth, in the absence of air, its height would be s t t! #832 16 2feet after t seconds. \ow
long would it take the bullet to hit the ground in either case^

Earth Moon
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#.  N ball fired downward from a height of FF2 feet hits the ground in 2 seconds. Tind its initial velocity.

].  N procectile is fired vertically upward XearthG from ground level with an initial velocity of F# ftIsec.

a. \ow long will it take for the procectile to hit b. \ow high will the procectile get^
         the ground^

Q.  N helicopter pilot drops a package when the helicopter is 2OO ft. above the ground, rising at 2O ftIsec.

a. \ow long will it take for the package to hit b. =hat is the speed of the package at impact^
          the ground^

b.  N man drops a Cuarter from a bridge. \ow high is the bridge if the Cuarter hits the water K seconds later^

FO.  N procectile fired upward from ground level is to reach a maximum height of F,#OO feet. =hat is its initial
       velocity^
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FF.  N procectile is fired vertically upward with an initial velocity of b# ftIsec from a tower 2P# feet high.

a. \ow long will it take for the procectile to reach b. =hat is its maximum height^
               its maximum height.

c. \ow long will it take the procectile to reach d.  =hat is the velocity when it passes the starting
               its starting position on the way down^                 point on the way down^

e. \ow long will it take to hit the ground^ f. =hat will be its speed when it impacts the
    ground^

F2. Hohn`s car runs out of gas as it goes up a hill. Lhe car rolls to a stop then starts rolling backwards. Ns it rolls,
      its displacement d t( )  in feet from the bottom of the hill at t seconds since the car ran out of gas is given by>

      d t t t( ) ! # #125 31 2.
a. =hen is his velocity positive^ =hat does this b. =hen did the car start to roll backwards^
     mean in real world terms^     \ow far was it from the bottom of the hill

     at that time^

c. Yf Hohn keeps his foot off the brake, when will d. \ow far was Hohn from the bottom of the hill
    he be at the bottom of the hill^     when he ran out of gas^

F$.  Ray is a sky"diver. =hen he free"falls, his downward velocity v t( )  feet per second is a function of t seconds

       from the time of the cump is given by> v t t( ) ! #( )251 1 0 88.  measured in ftIsec..  Plot v t a t( ) ( ) and  on your
       calculator for the first $O seconds of his dive.

a. =hat is Ray`s acceleration when he first cumps^ b. =hat appears to be the terminal velocity, lim
t

v t
&'

( )^
    =hy does the acceleration decrease over time^
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Rolle’s and the Mean Value Theorem - Classwork

   

dn the graph to the left, plot a point at X2, 2G 
and another point at X], 2G. jow draw $ 
graphs of a differentiable function that starts at 
X2, 2G and ends at X], 2G. Ys it possible that 
there is at least one point on your graphs for 
which the derivative is not zero^ Ys it possible 
that you can draw a graph for which there is 
not one point where the derivative is not zero^

Rolle’s Theorem
Uet f  be continuous on the closed interval a b,( )  and differentiable on the open interval
a b,( ) . Yf f a f b( ) ! ( ) , then there is at least one number c in a b,( )  such that $( ) !f c 0 .

=hat Rolle`s theorem is that on a differentiable curve between two values of the same height, there must be at
least one point in between where the tangent line is horizontal.  Yn layman`s terms, 8what goes up must come
down and what goes down must come back up.<

%xample FG Show that Rolle`s theorem holds between the intercepts of f x x x( ) ! # #2 5 6  .

                      

First of all, sketch

    f x x x( ) ! # #2 5 6

      =hat are the x"intercepts of f x x x( ) ! # #2 5 6^  _______
      Ys the curve continuous^ ______     Ys the curve differentiable^ _______  =hy^ __________________

     So you may now use Rolle`s theorem. [o so.

%xample 2G Tind all values between the x"intercepts for which Rolle`s theorem holds for the roots of
                    f x x x( ) ! #3 2 4 .    @onfirm using your calculator.
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Vou are driving in a car traveling at PO mph and you pass a police car . Tour minutes later, you pass a second police
car and you are traveling at PO mph. Lhe distance between the two police cars is five miles. Lhe second police car
nails you for speeding.  \ow can he prove that you were speeding^

a c b

Slope of
tangent line Tangent line

Secant line

  $( )f c

a f a, ( )( )
    b f b, ( )( )

    

      The Mean - Value Theorem

If  is continuous on the closed interval

 and differentiable on the open

interval  then there exists a number

 on  such that

f
a b

a b

c a b

f c
f b f a

b a

,

, ,

,

( )
( )

( )

$( ) ! ( )# ( )
#

%xample $G fiven f x
x

( ) ! #3 5
. Tind the value of c in the interval XF, PG that satisfies the mean value theorem.

       

To the left, is the graph of the function.

Visually, what is the mean value theorem 
trying to find? Draw it in.

Uet`s use the mean value theorem to find the solution.

%xample KG Tind the eCuation of the tangent line to the graph of f x x x( ) ! # #2 1sin  on XO, !G at the point
                  which is the solution of the mean"value theorem. @onfirm by calculator.

%xample PG =hy can`t you use the mean"value theorem for f x x( ) !
2

3  on X"F, FG^
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Rolle’s and the Mean Value Theorem - Homework

Tor the exercises below, determine whether Rolle`s theorem can be applied to the function in the indicated
interval. Yf Rolle`s Lheorem can be applied, find all values of x hat satisfy Rolle`s Lheorem.

F. f x x x( ) ! # ( )2 4 0 4 on , 2. f x x x( ) ! # # ( )2 11 30 5 6 on ,

$. f x x x x( ) ! #( ) #( ) #( ) ( )2 3 4 2 4 on , K. f x x x( ) ! #( ) #( ) #( )4 3 4 32  on ,

P. f x x( ) ! # # #( )4 2 3 7 on , #. f x x( ) ! "( )sin , on 0 2

]. f x x( ) ! " "(

)*
+

,-
cos ,2

3
2
3

 on Q. f x x x( ) !
"
#

"(

)*
+

,-
6 4 0

6
2sin , on 

Tor the exercises below, apply the mean value theorem to f x( )  on the indicated interval. Tind all values of c
which satisfy the mean value theorem.
b.  f x x( ) ! #( )2 1 2 on , FO. f x x x x( ) ! # # #( )3 2 2 11 on ,
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FF. f x x
x

( ) ! # (

)*
+

,-
2 1

2
2 on , F2.  f x x( ) ! # ( )3 3 7 on ,

F$. f x x( ) ! ( )3 0 1 on , FK. f x x x( ) ! # "( )2 2 0cos cos , on 

FP.  N trucker handed in a ticket at a toll booth showing that in 2 hours the truck had covered FPb miles on a toll
road in which the speed limit was #P mph.  Lhe trucker was cited for speeding. =hy^

F#.   N marathoner ran the 2#.2 mile jew Vork marathon in 2 hours, F2 minutes.  Show that at least twice, the
marathoner was running at exactly FF mph.

F].  Lhe order and transportation cost C of bottles of Pepsi is approximated by the function>

 C x
x

x
x

( ) ! #
#

.

/
0

1

2
310 000 1

3
,   where x is the order size of bottles of Pepsi in hundreds.

Nccording to Rolles`s Lheorem, the rate of change of cost must be zero for some order size in the interval
        k$,#l.  Tind that order size.

FQ.  N car company introduces a new car for which the number of cars sold S is the function>

                                      S t
t

( ) ! #
#

.

/
0

1

2
3300 5 9

2
 where t is the time in months.

aG  Tind the average rate of cars sold over the first F2 months.

bG  [uring what month does the average rate of cars sold eCual the rate of change of cars sales^
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Function Analysis - Classwork

=e now turn to analyzing functions via calculus. =e did so in precalculus by determining the zeros of the function
Xwhere it crosses the x"axisG and the sign of the function between zeros. Lhat gave us some information about the
function but little clue as to its actual shape. @alculus will provide the missing pieces to the puzzle.

=e will define a function as increasing if, as x moves to the right, the y"value goes up. N function is decreasing if,
as x moves to the right, the y"value goes down. N function is constant if, as x moves to the right, the y"value
doesn`t change.

                              

a b

IncreasingDecreasing

Constant

f x a

f x

f x b

( ) #'( )
( ) ( )
( ) '( )

 is decreasing on 
 is constant on a,b
 is increasing on 

,

,

Yncreasing curves come in $ varieties as shown.  Yn each case, let`s draw tangent lines at points along the curve.

                

=hat is true about the slope of the tangent lines Xi.e. the derivativeG at all of these points^ _______________

[ecreasing curves come in $ varieties as shown.  Yn each case, let`s draw tangent lines at points along the curve.

               

=hat is true about the slope of the tangent lines Xi.e. the derivativeG at all of these points^ _______________
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So we can make the following statetments about increasing and decreasing functions>  Uet f be a function that is
continuous on the closed interval a b,( )  and differentiable on the open interval a b,( ) ,

If >  for all  in ( , ),  then  is increasing on ,
If <  for all  in ( , ),  then  is decreasing on ,
If =  for all  in ( , ),  then  is constant on ,

$( ) ( )
$( ) ( )
$( ) ( )

f x x a b f a b

f x x a b f a b

f x x a b f a b

0
0
0

.
.

.

=hen we examine functions that have curves to them, we will define their curvature in terms of concavity.
@oncavity comes in two flavors " concave up and concave down.

      =e call this curve concave up.  Lhe term Y =e call this curve concave down. Lhe term Y
      use is 8holds water.< Yf water is is poured use is 8spills water.< Yf water is poured into

                  into this structure, it will collect and 8hold.< this structure, it will spill off.

     dn the concave up curve, draw tangent lines dn the concave down curve, draw tangent lines
     at the points shown.  =hat is true about the at the points shown.  =hat is true about the
     slopes of these lines as you go left to right. slopes of these lines as you go left to right.
    __________________________________ __________________________________

    So we can define concavity as follows> Yf f is differentiable on an interval I. Lhe graph of f is concave
      up on I if $f  is increasing on the interval and concave down on I if $f  is decreasing on the interval.

    =hen you think 8slope of tangent line<, you think __________________________________

    =hen you think increasing, you think =hen you think decreasing, you think
      __________________________ __________________________

So we are talking derivatives of derivatives, which means _______________________. So concavity is related to
the sign of the second derivative, $$( )f x . Yf $$( ) &f x 0, for all x in an interval, then the graph of f  is concave up
on the interval. Yf $$( ) 'f x 0 for all x in an interval, then the graph of f  is concave down on the interval.  Straight
lines have no concavity Xconcavity = OG. Lhat makes sense as a line has no curvature. Nll of this can be
summarized> =hen you are given information about $( )f x  and $$( )f x , you can determine the shape of f x( ) .

$( ) &f x 0 $( ) 'f x 0 $( ) !f x 0
$$( ) &f x 0 f x( )  increasing,

         concave up
f x( )  decreasing,

         concave up
relative minimum,
concave up

$$( ) 'f x 0 f x( )  increasing,
     concave down

f x( )  decreasing,
         concave down

relative maximum,
concave down

$$( ) !f x 0 f x( )  increasing,
   inflection point

f x( )  decreasing,
   inflection point

f x( )  levels off
    possible inflection point
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\ere are some terms which you must know. Lhey are basic to any calculus course.

Critical Values (points)> x"values on the function where the function has a slope eCual to zero or where the
function is not differentiable.  Wisually, it is where there is a horizontal tangent line or a vertical tangent line.

Stationary Point> N point on the function where there is a horizontal tangent at the x"value.

Relative Minimum: Ynformal definition> the bottom of a hill. Relative minimums occur where the curves
switches from decreasing to increasing.  Lhe x"value is where the relative minimum occurs. Lhe y"value is what
the relative minimum is.

Relative Maximum> Ynformal definition> the top of a hill. Relative maximums occur where the curve switches
from increasing to decreasing.  Lhe x"value is where the relative maximum occurs. Lhe y"value is what the
relative maximum is.

Relative Extrema: %ither a relative minimum or relative maximum.

Absolute maximum or minimum. Lhe highest XlowestG point on the curve.  Lhe x"value is where the absolute
maximumXminimumG occurs. Lhe y"value is what the absolute maximum XminimumG is.  Lhe absolute minimum or
maximum must occur at relative extrema or at the endpoints of an interval.

Inflection point:" Lhe x"value where the curve switches concavity.  Ynflection points can occur where the second
derivative eCuals zero or fails to exist.

a b c d

e f g h

y y y y

y y y y

 %xample FG Tor each term, determine if it is applicable at the x"values a " h.

@ritical
Point

Relative
Minimum

Relative
Maximum

Stationary
Point

Ynflection
Point

a
b
c
d
e
f
g
h
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%xample 2G  Vou are given a graph of $( )f x . [raw a picture of a possible f x( ) .
a. $( )f x possible f x( )

  

b. $( )f x possible f x( )

  

c. $( )f x possible f x( )

  
d. $( )f x possible f x( )
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e. $( )f x possible f x( )

  

f. $( )f x possible f x( )

  

g. $( )f x possible f x( )

  

h. $( )f x possible f x( )
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%xample $G  Vou are given a graph of $( )f x . [raw a picture of a possible f x( ) .
a. $( )f x possible f x( )

  

b. $( )f x possible f x( )

  

c. $( )f x possible f x( )

  

d. $( )f x possible f x( )
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%xample KG Sketch a possible f x( )  given the following information.

a.

$( ) &
$$( ) &
( ) ! #

f x

f x

f

0
0

1 2
. b. 

$( ) & & $( ) ' ' $( ) !
$$( ) & ( ) ! #
f x x f x x f

f x f

0 1 0 1 1 0
0 1 1
, , , ,
,

      
   

   

c.
$( ) & & $( ) ! %

$$( ) & & ( ) !
f x x f x x

f x x f

0 2 0 2
0 2 2 1
, , ,
,

   
   

d. 
$( ) & & # $( ) ' ' #

$$( ) ' #( ) ! #
f x x f x x

f x f

0 1 0 1
0 1 4
, , ,
,

   
             

  

e.

$( ) & & $( ) & ' # $( ) ' # ' '

$ #( ) ! $( ) !
$$( ) ' ' $$( ) & &

f x x f x x f x x

f f

f x x f x x

0 1 0 3 0 3 1
3 0 1 0

0 0 0 0

, , , , ,
,
, , ,

  
           

        
f.   

$( ) & & $( ) ! # ' $( )
$$( ) ' & ( ) !
f x x f x x f

f x x f

0 2 1 2 2
0 2 2
, , , ,
, ,

   DNE
  0      
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jow that we can determine the graph of a function by examining its first and second derivatives,  we now attack
the problem from algebraically. =e wish to graph some function   f x( ) by finding its relative maximum and
minimum XextremaG.  =ith the advent of graphing calculators, a lot of this work is now done by technology and
the act of sheer graphing of functions is being reduced on the N.P. exam.

          To determine relative extrema of a function , do the following steps.

F. Tind the derivative $( )f x . Yt is best that it be in a fraction form.
2. Tind the critical values by setting $( )f x  = O or by finding where $( )f x  is undefined.  Yf $( )f x
    is in fraction form, you merely set the numerator and denominator of $( )f x  = O and solve.
$.  Make a sign chart for $( )f x . ae sure you label it. dn it, you will place every critical value c found above.
K. Yf the sign chart switches from positive to negative at a critical value, at c, it is a relative maximum.
    Yf the sign chart switches from negative to positive at a critical value, at c, it is a relative minimum.

              
c

++++++++++----------------
c

--------------- +++++++++++

relative maximum relative minimum

 
 

  $f $f

    Yf there is no switch of signs at c, then c is not a relative minimum or maximum.
P. Vou have identified the x"values where extrema occur. Yf you are asked to find the points where relative
    maxima and minima occur, you must take every maximum and minimum value c found above and plug
    them into the function. Lhat is, find f c( ) .
#. Ynflection points occur where the sign of the second derivative $$( )f x switches sign. Lake the second
    derivative $$( )f x , put in fraction form and find every value c where either the numerator or denominator
    of $$( )f x  eCuals zero.
 ]. Yf the sign chart switches signs at c then an inflection point occurs at c. =e don`t care if $$( )f c  exists.

              
c

++++++++++----------------
c

--------------- +++++++++++
 
 

 
 Inflection point Inflection point

$$f $$f

    Yf there is no switch of signs at c, then c is not a point of inflection.
Q. Vou have identified the x"values where points of inflection occur. Yf you are asked to find the actual

              point of inflection, you must take every inflection point value c found above and plug it into the
              function.  Lhat is, find f c( ) .

%xample PG  Tind all points of relative maximum and relative minimum and points of inflection if any. Hustify your
                    answers. @onfirm by calculator.

aG f x x x( ) ! #3 23 b.  f x x x( ) ! #4 3 4
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cG f x x x( ) ! #6 105 3 d.  f x x x( ) ! # #cos 1
2

  on 
  
0,2!( )

e. f x
x

( ) !
#
4

42 f. f x x
x

( ) ! #
#

2

2
1
9

     [on`t do inflection pts.    [on`t do inflection pts.

%xample #G Nn airplane starts its descent when it is at an altitude of F mile, # miles east of the airport runway.
         Tind the cubic function f x ax bx cx d( ) ! # # #3 2  on the interval kO, #l that describes a smooth
         glide path for the plane. Nlso find the location where the plane is descending at the fastest rate.

         

1

654321

Plane
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Function Analysis - Homework

b c

d e f g

h

i j k l

a

m

F.  Tor each term, determine if it is applicable at the x"values a " m.

@ritical
Point

Relative
Minimum

Relative
Maximum

Stationary
Point

Ynflection
Point

Nbsolute
Minimum

Nbsolute
Maximum

a
b
c
d
e
f
g
h
i
c
k
l
m

2G  Vou are given a graph of $( )f x . [raw a picture of a possible f x( ) .
a. $( )f x possible f x( )
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b. $( )f x possible f x( )

  

c. $( )f x possible f x( )

  

d. $( )f x possible f x( )

   

e. $( )f x possible f x( )
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f. $( )f x possible f x( )

  

g. $( )f x possible f x( )

  

h. $( )f x possible f x( )

  

i. $( )f x possible f x( )
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 $G  Vou are given a graph of $( )f x . [raw a picture of a possible f x( ) .
a. $( )f x possible f x( )

  

b. $( )f x possible f x( )

  

c. $( )f x possible f x( )

  

d. $( )f x possible f x( )
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 KG Sketch a possible f x( )  given the following information.

a.  
$( ) & $$( ) '
( )
f x f x

f

0 0
0

,      
= 2      

b. 
$( ) & & $( ) ! # '

( ) # ( )
&'

f x x f x x

f f x
x

0 1 1 1
1 1

, , ,
lim

        
=                    = 4     

   

c.  
$( ) ' ' $$( ) & '

( ) ! 4 # !

f x x f x x

f x x y

0 2 0 2
1 2 2

, ,      
,         intercept  

d.    
$( ) ' ' $( ) & &

$$( ) & ( ) ! #
f x x f x x

f x f

0 0 0 0
0 1

, ,      
0                    

  

e.  
$( ) & ( ) !

( ) ! ( ) ! #
&' &#'

f x f

f x f x
x x

0 0 0
1 1

                
               lim lim   f.   

$( ) & ' $( ) & & $( ) ' ' '

$( ) ! ( ) ! ( ) !
$$( ) ' ' $$( ) & &

f x x f x x f x x

f f f

f x x f x x

0 0 0 3 0 0 3
0 0 0 3 3 0

0 3 0 3

, , ,

, ,
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g.  

$( ) ' ' $( ) ' & $( ) & ' '

$( ) ! ( ) ! # $$ #( ) !
( ) ! ( ) !'

&±' &

f x x f x x f x x

f f f

f x f x
x x

0 0 0 3 0 0 3
0 0 0 2 2 0

0
3

, , ,

lim lim

        
                            

      
h. 

$( ) & 5 $( ) !
$$( ) ' ' $$( ) & &

( ) !

f x x f

f x x f x x

f

0 0 0
0 0 0 0

0 1

,
, ,

     0 
     

               

   

i.  

$( ) & 5 $( )
$$( ) & ' $$( ) ' &

( ) !

f x x f DNE

f x x f x x

f

0 0 0
0 0 0 0

0 1

,
, ,

        
     

                 
c.    

$( ) ' & $$( ) ' &

( ) !
&

f x x f x x

f x f
x

0 0 0 0
4

, ,       
lim            is symmetric to the origin 

0+

  

PG  Tind all points of relative maximum and relative minimum and points of inflection if any. Hustify your answers.
     @onfirm by calculator.

a. f x x x( ) ! # #2 8 4 b. f x x x x( ) ! # # #1 12 3 22 3 c. f x x( ) ! #( )2 5 3
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d. f x x( ) ! #3 23 e. f x x
x

( ) !
#

2

2 4
   Xdon`t do inflection ptsG

f. f x x x( ) ! #sin sin2   
  
0,2!( ) g. f x x x( ) ! # cos     

 
0,2!( )

                           don`t do inflection ptsG

h. f x x x( ) ! #1  Xdon`t do inflection ptsG i. f x x( ) ! #( )2
2

316   Xdon`t do inflection ptsG
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Finding Absolute Maximums and Minimums - Classwork

Suppose you were asked to find the student in this school who, at this point in time, has the most money on him
or her.  =rite below a method that would be efficient and Cuick.

dur goal will be to find a maximum value of a function and minimum value of a function on a closed interval.
mnowing that relative maxima and minima occur only at critical values Xwhere the derivative eCuals zero or fails to
existG, the method for finding absolute maxima and minima on a closed interval a b,( ) is as follows>

F. Tind the critical value of f in a b,( ) .   Xset both the numerator oand denominator of $ !f 0  and solveG.
2. %valuate f at each critical number in a b,( ) .
$. %valuate f at each endpoint of 

  a b,( )  " that is find f a f b( ) ( ) and .
K. Lhe smallest of these is the absolute minimum. Lhe largest of these is the absolute maximum.
P. Remember to discern the difference between where the absolute min or max occurs as opposed to
    what the absolute min or max is.  Where  is the x-value. What  is the y-value.

 %xamplesG Tind the absolute minimum and maximum values of  the following functions. Hustify your answers.

a. f x x x( ) ! # #3 24 12    
  
#( )1 5, b. f x x x( ) ! # #6 6 53 4    

  
#( )1 2,

c. f x x x( ) ! # #3 2 1
2

3    
  
#( )1 8, d. f x x x( ) ! #sin cos2    

 
0 2, "( )
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Finding Absolute Maximums and Minimums - Homework

Tind the absolute maximums and minimums of f  on the given closed interval and state where these values occur.
F. f x x x( ) ! # #4 4 12 kO, 2l 2. f x x x x( ) ! # # #2 3 12 13 2 k"2, $l

$.  f x x
x

( ) !
#2 2

k"F, Kl K. f x x( ) ! #( )2
2

32 k"2, $l

P. f x x x( ) ! #( )
2

3 20 k"F, 2Ol #. f x x x( ) ! #sin cos kO, !l

]. f x x x( ) ! # tan #
" "(

)*
+

,-4 4
, Q. f x x( ) ! #6 4 k"$, $l

b. =hat is the smallest possible slope to FO. Yf a particle moves along a straight line according to
    y x x x! # # #3 23 5 1        s t t t t( ) ! # # #4 3 24 6 20 , find

aG the maximum g minimum velocity on O # t # $.
bG the maximum g minimum acceleration on O # t # $.
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Newton’s Method of Roots - Classwork

Lhe concept of jewton`s method of finding roots is based on making an initial guess xO of the root of the function
fXxG.  Trom there, you come up with a series of xi , which will be successively closer to the root of  fXxG.

      x1    x2    x3 x0

x x
f x
f xn n

n

n
# ! #

( )
$( )1

y f x! ( )

Sample problems " do by hand. Vou may use your calculators only for basic operations. @omplete two iterations of
jewton`s method using the indicated initial guess.

F. f x x x( ) ! # !2
12 1       2. f x x x x x( ) ! # # # !3 2

12 2 2       

  xn f xn( ) $( )f xn f x
f x

n

n

( )
$( )

  xn f xn( ) $( )f xn f x
f x

n

n

( )
$( )

F.  dn all calculators, place the function which you wish the solution to in VF.
2.  Place the derivative of the function in V2.
$.  Yt is best to set your Md[% to TUdNL giving the maximum amount of accuracy.   \owever, if you are
      asked to apply jewton until two approximations differ by less than d decimal places, you may wish to set
      your Md[% to d decimal places first.
K.  Make your initial fuess and store it as n. Lhen type n"VFIV2 SLd n.  Vou will get the first iteration.
P.  Press %jL%R and you will get successive iterations.
#.  Lo do another problem, simply repeat the steps above. Vou can use 2nd %jL%R so you do not have to type the
    command on line K.

$.  Tind the roots of f x x x( ) ! # #5 4 72 K. Tind the smallest positive root of  f x x x( ) ! # #sin 2 1

Warning: Do not depend on this routine on the A.P. exam. They usually give you a problem to
calculate a root of a function through one or two iterations where calculators are not allowed. You
must know the formula and how to apply it algebraically. Newton’s method fails if the derivative of
the function is zero at your original guess.
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Newton’s Method of Roots - Homework

Yn the following exercises, use jewton`s Method by hand to find the first iteration in approximating the zeros and
continue the process with the calculator until 2 successive approximations differ by less than .OOF.

F.   f x x x( ) ! # #3 3  XYnitial fuess = FG 2.   f x x x( ) ! # #5 3  XYnitial fuess = FG

 

$.    f x x
x

( ) ! #
#

2 1
1

  XYnitial fuess = $G K.   f x x x( ) ! # #4 210 7  XYnitial fuess = $G

P.   f x x x( ) ! # #( )2 1sin   XYnitial fuess =
  
#
"
6

G #.   f x x x( ) ! # #3 2cos  XYnitial fuess = $G

].    f x x( ) ! sin  has a root at x = O. Suppose your initial guess is F.$. Show that jewton`s method does not work
     here and formulate a reason why it does not. Uook at the picture visually in order to understand what is
     happening.

QG  jewton`s method can be used to determine sCuare roots. Tor x a! , use the eCuation  f x x a( ) ! #2 .

     ose this method to find 7   and   214 . ose this method to find 55

b. Show that jewton`s method fails to converge for the function f x x( ) ! 1 3  using   x1 1! .
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 Approximation using Differentials - Classwork

=epve defined 
dy
dx

 to be  lim
6

6
6x

y
x&0

.  Yn this section, we give separate meanings to 6 6x y dx dy,  ,  ,  .

  6y

  dy

  

 
  

 

As  changes along the curve = , 
 changes as well.  We call  and  

the change in .       = .
 is the actual change in y given  

(the secant line).     
 is the approximate change in 

(the tangent line).  As =  gets very small,
 and  are very close in value. We are usually

 interested in ,  the actual change in . But
without technology,  can be difficult to calculate.

  is easier.   So it follows that

 

x y f x
y x dx

x x dx
y x

y f x x f x
dy y

x dx
y dy

y y
y

dy dy
dx

f x

dy f x

( )

! #( ) # ( )

! $( )

! $( ) 7

6

6

6 6

6 6

6

6

6

6

.

dxdx. This is called the differential form.

f x( )

x

6x dx!

%xample F> y f x x x! ( ) ! # #3 8 22        Tind 6y dy and  when x x dx! ! !1 01 and 6 . .
6 6y f x x f x! #( ) # ( ) dy f x dx! $( ) 7

%xample 2> @ompare  6y dy and  as x  changes from 2 to 2.OF given f x x x x( ) ! # # #3 2 3 2
6 6y f x x f x! #( ) # ( ) dy f x dx! $( ) 7

%xample $G Tind the approximate error in calculating the volume of a sphere if the radius is measured to be P

                    inches with a measurement error of qO.F inches. Tind the relative percentage error 
dv
V

 as well.
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Approximation using Differentials - Homework

ose differentials to compute 6y dy and  given f x x x dx( ) !,  , . and 6

F. y x x! # #5 9 52         2. f x x x x( ) ! # # #2 4 6 53 2             $.   f x
x

( ) ! 1
2

      x x dx! ! !2 01, .6                        x x dx! ! !1 01, .6                             x x dx! ! !2 01, .6

K. Lhe side of a sCuare is measured to be FO feet with a possible error of q O.F ft.  =hat is the
    difference between the true greatest possible error in computing the area of the sCuare and its approximation
    using differentials.  Tind the relative percentage error between the approximate error and true area.

P.  Nn Q inch tall cylindrical coffee can has a # inch diameter with a possible error of ..O2 nch.  =hat is the
    difference between the true greatest possible error in computing the volume of the can and its approximation
    using differentials.  Tind the relative percentage error between the approximate error and true volume.

#. dn roads in hilly areas, you sometimes see signs like this>

Rise = x

Run = 100

!

Steep hill
"20S Grade

    Lhe grade of a hill is the slope XriseIrunG written as a percentage, or, eCuivalently, the number of feet the hill
    rises per hundred feet horizontally. Lhe figure above shows the latter meaning of grade.

            aG Uet x be the grade of a hill. %xplain why the angle, !  degrees, that a hill makes with the horizontal is

                given by ! !
"

#180
100

1tan x

bG  Nn eCuation for d!  is d
x

dx! !
"

.

/
0

1

2
3

#
180 100

100002 .Vou can estimate !  at x = 2Or simply by multiplying

                d!  at x = O by 2O. \ow much error is there in  the value of !  found by this way rather than using the
                 exact formula which involves the   tan#1 function^

cG  N rule of thumb you can use to estimate the number of degrees a hill makes with the horizontal is to
      divide the grade by 2. =hen you use this method to determine the the number of degrees for a 2O r

                   grade, how much error is there in the number^



MasterMathMentor.com                                                      " FOQ "                                                                     Stu Schwartz

Optimization Problems - Classwork

Many times in life we are asked to do an optimization problem " that is, find the largest or smallest value of some
Cuantity that will fufill a need. Lypical situations are>

s find the route which will minimize the time it takes me to get to school.
s build a structure using the least amount of material.
s build a structure costing the least amount of money.
s build a yard enclosing the most amount of space.
s find the least medication one should take to help a medical problem.
s find how the most one should charge for a @[ in order to make as much money as possible.

Nll of these situations have something in common " they are all trying to maximize or minimize some Cuantity. Lhis
lends itself to a calculus solution. =e have spent the better part of last month trying to find maximum and
minimum values of functions.  Yn every optimization problem, you are always looking for a Cuantity to be
maximimed or minimized. So in solving word problems, you must look carefully for certain words among all the
verbiage. Uook for words like 8minimize area<, 8smallest volume<, 8least amount of time<, 8shortest distance<,
8cheapest price.<  dn the following pages, there are a wealth of problems. Quickly examine each and underline the
key words which tell you what kind of problem it is.

Methods for Solving Optimization Problems

F.  Nssign variables to all given Cuantities and Cuantities to be determined.  [on`t be afraid to use letters you
usually do not use Xp,m,g, etc.G. =hen feasible, make a sketch of the problem.

2.  Making a chart of possible answers allows you to see a relationship between variables. =hile not necessary,
it is helpful.

$.  =rite a 8primary< eCuation for the Cuantity you found that needs to be maximized or minimized

Nrea of Rectangle  = length s width \ypotenuse = x y2 2#
       [istance = rate s time Perimeter of rectangle = 2s length u 2s width
       Wolume of rectangular solid = length s width s height Wolume of cylinder  = !Xradius2 G s height

K.  Reduce the right side of this 8primary eCuation< to one having a single variable.  Yf there is more than one
variable on the right side, you must write a 8secondary< eCuation Xa restriction or constraintG relating the
variables of the primary eCuation.

P.  Lake the derivative of the eCuation and set equal to zero. Yf you get more than one answer, make a sign
chart  to determine whether it represents a maximum or minimum. Pay attention to whether that value
makes sense. Lime is rarely negative Xit can`t take negative ] hours to run a raceG. Vou cannot use more
than you have Xyou can`t have a length of Q feet when you only have # feet of fencingG.

#.  Be sure that you answer the question that is asked.  Yf you are asked to find a minimum or maximum
value of some Cuantity, you must plug your answer from XKG into your primary eCuation.

].  Yf you are to find a maximum or minimum on a closed interval, you must test the endpoints as well. Make
sure your work is clear.

Q.  Vou can verify your answers by graphing your primary eCuation with one variable on the calculator. ose
your 2nd  @NU@  maximum or minimum function.
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%xample FG  Lwo numbers add up to KO.  Tind the numbers that maximize their product.

Smaller jumber
Uarger jumber
Product

Primary Secondary

%xample 2G   N rectangle has a perimeter of ]F feet.  =hat length and width should it have so that its area is a
                     maximum^ =hat is this maximum area^

=idth
Uength
Nrea

Primary Secondary

%xample $G   Tind two positive numbers that minimize the sum of twice the first number plus the second if the
                      product of the two numbers is 2QQ.

Tirst jumber
Second jumber
Sum

Primary Secondary

%xample KG   Nn open box is to be made from a piece of metal F# by $O inches by cutting out sCuares of eCual
                      size from the corners and bending up the sides.  =hat size sCuare should be cut out to create a box
                       with greatest volume.  =hat is the maximum volume as well^

Primary

      30 inches

  16
inches

x
xx

x

x
xx

x

x
xx

x

x
xx

x
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%xample PG  Y am F mile in the ocean and wish to get to a town $ miles down the coast which is very rocky.  Y
                    need to swim to the shore and then walk along the shore.  =hat point should Y swim to along the
                    shoreline so that the time it takes to get to town is a minimum^  Y swim at 2 mph and walk at K mph.

            Primary

                

Swimmer

  1
mile

  land
3 miles

Townx

%xample #G .  Tind the dimensions of the largest area rectangle which can be inscribed into a circle of radius K
                       inches.

         primary      secondary

          

x

y8 inches

\ow would this problem change if the radius were r inches^

%xample ]G  N #"oz. can of Triskies @at food contains a volume of approximately FK.P cubic inches. \ow should
                      the can be constructed so that the material made to make the can is a minimum^

                   Primary Secondary
Surface Nrea = Nrea of side u Nrea of Lop g bottom V r h! " 2

S rh r! " # "2 2 2

       

r

h
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Optimization Problems - Homework

F.    Tind two numbers whose sum is FO for which the sum of their sCuares is a minimum.

2.   Tind nonnegative numbers x and y whose sum is ]P and for which the value of xy 2  is as large as possible.

$.   N ball is thrown straight up in the air from ground level.  Yts height after t seconds is given by
s t t t( ) ! # #16 502 .   =hen does the ball reach it maximum height^  =hat is its maximum height^

K.   N farmer has 2,OOO feet of fencing to enclose a pasture area.  Lhe field will be in the shape of a rectangle and
will be placed against a river where there is no fencing needed. =hat is the largest area field that can be created
and what are its dimensions^

      

    River
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P.   N fisheries biologist is stocking fish in a lake.  She knows that when there are n fish per unit of water, the
average weight of each fish will be W n n( ) ! #500 2 , measured in grams.  =hat is the value of n that will
maximize the total fish weight after one season.  Hint: Total Weight = number of fish • average weight of a fish.

#.    Lhe size of a population of bacteria introduced to a food grows according to the formula P t t
t

( ) !
#

6000
60 2

 where t is measured in weeks.  [etermine when the bacteria will reach its maximum size.  =hat is the

       maximum size of the population^

].   Lhe o.S. Postal Service will accept a box for domestic shipping only if the sum of the length and the girth
Xdistance aroundG does not exceed FOQ inches. Tind the dimensions of the largest volume box with a sCuare
end that can be sent.

girth = distance around this square

length

Q.  alood pressure in a patient will drop by an amount D x( ) where D x x x( ) ! #( )0 025 302.  where x is the amount
of drug incected in cm$.  Tind the dosage that provides the greatest drop in blood pressure.  =hat is the drop in
blood pressure^
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b.   N wire 2K inches long is cut into two pieces. dne piece is to be shaped into a sCuare and the other piece into a
circle. =here should the wire be cut to maximize the total area enclosed by the sCuare and circle^

   

24 inches

cut the wire at point x

     Uet x be the point where the cut is made. Nssume the sCuare
     is on the left and the circle on the right. @omplete the chart.

x K Q F2 2O x
Nrea sCuare
Nrea circle
Lotal area

FO.  N designer of custom windows wishes to build a jorman =indow with a total outside perimeter of #O feet.
\ow should the window be designed to maximize the area of the window. N jorman =indow contains a
rectangle bordered above by a semicircle.

     
xx

y

FF. Nlaina wants to get to the bus stop as Cuickly as possible. Lhe bus stop is across a grassy park, 2,OOO feet east
and #OO feet north of her starting position. Nlaina can walk along the edge of the park on the sidewalk at a
speed of # feetIsec. She can also travel through the grass in the park, but only at a rate of K ftIsec Xdogs are
walked here, so she must move with careG. =hat path will get her to the bus stop the fastest.

         Alaina

600
feet

2,000 feet
Bus Stop

PARK
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F2.  dn the same side of a straight river are two towns, and the townspeople want to build a pumping station, S,
that supplies water to them. Lhe pumping station is to be at the river`s edge with pipes extending straight to
the two towns. Lhe distances are shown in the figure below. =here should the pumping station be located to
minimize the total length of pipe^

Town 1

Town 2

1 mile

4 miles

S

4 miles
x

F$.  N physical fitness room consists of a rectangular region with a semicircle on each end. Yf the perimeter of the
room is to be a 2OO"meter running track, find the dimensions that will make the area of the rectangular region
as large as possible.

    

y

x

Total distance around track = 200 meter

FK.  aelow is the graph of     y x! #1 2. Tind the point on this curve which is closest to the origin. XRemember, you need
a primary equation. What is it that you wish to minimize?G
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Economic Optimization Problems - Classwork

%xample FG  N trucking company has determined that the cost per hour to operate a single truck is given by
                    C s s s( ) ! # #0 0001 0 01 1122. .  where s is the speed that the truck travels. Nt what speed is the total
                     cost per hour a minimum^ =hat is the hourly cost to operate the truck^

%xample 2G   N nursery wants to add a F,OOO"sCuare"foot rectangular area to its greenhouse to sell seedlings. Tor
                      aesthetic reasons, they have decided to border the area on three sides by cedar siding at a cost of
                      vFO per foot. Lhe remaining side is to be a wall with a brick mosaic that costs v2P per foot. =hat
                      should the dimensions of the sides be so that the cost of the procect will be minimized^

   Cedar
X10 per foot

Mosiac - X25 per foot

width

length

=idth Uength @edar @ost Mosaic @ost Lotal @ost

x

%xample $G  N real estate company owns FOO apartments in jew Vork @ity.  Nt vF,OOO per month, each
                    apartment can be rented.  \owever, for each vPO increase, there will be two additional vacancies.
                    \ow much should the real estate company charge for rent to maximize its revenues^

$50
increases

Rent Apts. rented Revenue

O
F
2
$
K

PO
x
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%xample KG  N closed box with a sCuare base is to have a volume of F,QOO in$. Lhe material for the top and
                     bottom of the box costs v$ per sCuare inch while the material for the sides cost vF per sCuare inch.
                     Tind the dimensions of the box that will lead to the minimum total cost. =hat is the minimum
                     total cost^

                

x
xy

y

x
x

%xample P.   N telephone wire is to be laid from the telephone company to an island ] miles off shore at a cost of
                     v2OO,OOO per mile along the shoreline and v$OO,OOO per mile under the sea. \ow should the wire be
                     laid at the least expensive cost if the distance along the shoreline is F2 miles. =hat is that cost^

    

   7
miles

Telephone
Company

x
12 miles

Island

x water cost land cost total cost
O

F2
x

%xample #G  N small television company estimates that the cost Xin dollarsG of producing x units of a certain

                      product is given by 800 04 00002 2# #. .x x . Tind the production level that minimizes the

                      average cost per unit.

Units Cost Average Cost
FOO

F,OOO
P,OOO

FO,OOO



MasterMathMentor.com                                                      " FF] "                                                                     Stu Schwartz

Economic Optimization Problems - Homework
F.  Lhe profit for Nce Ndvertising @o. is P s s! # #230 20 1

2
2  where s is the amount Xin hundreds of dollarsG spent

on advertising. =hat amount of advertising gives the maximum profit^

2.  jorth Nmerican Wan Uines calculates charges for delivery according to the following rules.

Tuel cost =
v 2

120
 per hour [river cost = v$O per hour

Tind the speed v that a truck should travel in order to minimze costs for a trip of F2O miles.  Hint: remember that
rate • time = distance.  Make a chart of possible speeds v and total costs.

$.  jormally a pear tree will produce $O bushels of pears per tree when 2O Xor fewerG pear trees are planted per
acre.  \owever, for each additional pear tree planted above 2O trees per acre, the yield per tree will fall by one
bushel per tree Xwhy^G.  \ow many trees ahould be planted per acre to maximize the total yield^  Hint: Make a
chart like the Apartment Housing sample problem.

K.  Midas Muffler charges v2Q to replace a muffler. Nt this rate, the company replaces ]P,OOO mufflers per week
nationally.  Tor each additional dollar that the company charges, it tends to lose F,OOO customers a week. Tor
each dollar the company subtracts from the v2Q, the company gains F,OOO per week. \ow much should Midas
charge to change a muffler in order to maximize their revenue^  =hat would that revenue be^  Hint: Make a
chart like the Apartment Housing sample problem.
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P.  N concert promoter knows that P,OOO people will attend an event with tickets set at vPO. Tor each dollar less in
ticket price, an additional F,OOO tickets will be sold. =hat should the price of a ticket be in order to maximize
the total receipts. Hint: Make a chart like the Apartment Housing sample problem.

#.   N travel agent is offering charter holidays in the aahamas for college students. Tor groups of size up to FOO, the
fare is vF,OOO per student. Tor larger groups, the fare per person decreases by vP for each additional person in
excess of FOO. Tind the size of the group that will maximize the travel agent`s revenues.  Hint: Make a chart like
the Apartment Housing sample problem.

].   N real estate office handles PO apartment units. =hen the rent is vPKO per month, all units are occupied.
\owever, on the average, for each v$O increase in rent, one unit becomes vacant. %ach occupied unit reCuires
an average of v$# per month for service and repairs. =hat rent should be charged to realize the most profit^
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Q.  N power station is on one side of a river that is .P mile wide, and a factory is # miles downstream on the other
side. Yt costs v#,OOO per mile to run power lines overland and vQ,OOO per mile to run them underwater. Tind
the most economical path to lay transmission lines from the station to the factory.

 

Power Station

Factory
6 miles

  0.5
miles

b.   N rectangular area is to be fenced in using two types of fencing.  Lhe front and back uses fencing costing vP a
foot while the sides uses fencing costing vK a foot.  Yf the area of the rectangle must contain POO sCuare feet,
what should be the dimensions of the rectangle in order to keep the cost a minimum^

FO.   Lhe same rectangular area is to be built, but now the builder has only vQOO to spend.  =hat is the largest
         area that can be fenced in using the same two types of fencing mentioned above.
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Indefinite Integration - Classwork

Lake a piece of notebook paper and cover up the paragraph under the chart below. aelow, there are P terms. =rite
what you feel are the inverses of each of these terms.

term P FI$ boy dog hot dog
its inverse

Ns ridiculous as the last problem is Xhow can you have an inverse of a hot dog^G so are they all ridiculous. Lhe
problem is that all of these terms aboves are nouns. Ynverses refer not cust to an opposite but to an opposite
process. =e take inverses of verbs, not nouns. =rite the inverses of these processes.

process sit down get dressed take a book home get wet go to sleep
its inverse

Yn mathematics, you have learned about operations on functions f . Lhe inverse operation is denoted as f #1 Xnot
to be confused with x#1, the reciprocal of x Xremember x is a noun and f  is a process which is a verb.G  =hen ever
you perform an operation and immediately perform its inverse, you will end up exactly where you started with. =e
say that f f x x# ( )( ) !1 and also f f x x# ( )( ) !1 .  aelow write some mathematical functions and their inverses.

Tunction Ynverse Tunction Ynverse

So, obviously since differentiation of functions is a process, we must have an inverse of that process. =e call that
process antidifferentiation.   Tor instance, we know that the derivative of y x x! 3 23 is .  So it  makes sense to say
that an antiderivative of 3 2x x is 3.

\owever, it is important to say an antiderivative of 3 2x  rather than the antiderivative of 3 2x  for the simple reason
that the derivative of y x x! 3 23 is , but so is the derivative of y x! #3 2 , y x! #3 5., and y x! # "3 6 . Lhere are

an infinite number of functions whose derivative is 3 2x . So when we go backwards to the antiderivative it is
impossible to determine which function it came from. So to cover our bets, we say that the antiderivative of 3 2x
is x C3 # , where C represents a constant. =e call C the constant of integration. Yt is important to attach the uC
after every antiderivative. =hat you are doing is saying that the antiderivative is a family of functions rather than
one specific function.

Lhe process of taking antiderivatives is called integration, specifically indefinite integration because of the constant of
integration C. So we do not have to write the word antiderivative again, we use a symbol to represent an
antiderivative.  Lhat symbol is called an integral sign which is written like this> $.   Lhe way we write an integral is>

f x dx F x C( ) ! ( ) #8  .  Lhe dx  tells you what the important variable is when you are integrating

cust as you need to know what the important variable is when you differentiate 
dy
dt

dy
dx

as opposed to 
.

/
0

1

2
3.
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So, since 
d
dx

x4 4( ) ! , we will say that 4 4 dx x C8 ! #  and

and since 
d
dx

x x x2 3 1 2 3# #( ) ! # , we will say that 2 3 32x dx x x C+  ( ) ! # #8
Hust as we have derivative rules, we have a corresponding rule for integrals.  \ere are some basic integration rules.

Differentiation formula Integration formula
d
dx

C( ) ! 0 0 dx C8 !

d
dx

kx k( ) !  k dx kx C 8 ! #

d
dx

kf x kf x( )( ) ! $( )a constant can be 8factored out< kf x dx k f x dx C( ) ! ( ) #8 8     " factor out constant

d
dx

f x g x f x g x( ) ± ( )( ) ! $( ) ± $( ) f x g x dx f x dx g x dx C( ) ± ( )( ) ! ( ) # ( ) #8 8 8   

       the derivative of a sum is the sum of derivatives    integral of a sum is the sum of the integrals
d
dx

x nxn n( ) ! #1  " the power rule x dx x
n

Cn
n

8 !
#

#
#1

1
 " the power rule reversed

%xamples " find the integral of each of the following>
FG 7dx8 2G x dx58 $G x dx128

KG x x dx4 2#( )8  PG t t dt3 1# #( )8  #G 3 3x dx 8

]G 2 7 82x x dx# #( )8  QG 
3
4

5
3 2

5 2x x x dx# #
.

/
0

1

2
38  bG " #

"

.

/
0

1

2
38 x dx1  

FOG 
1

2x
dx 8 FFG 

4 5
3 4x x

dx#
.

/
0

1

2
38  F2G x dx 8

F$G 2 43 4y y dy#( )8  FKG 
1 2

3

x
x dx#

.

/
0

1

2
38  FPG x dx" # "( )8  

Yn taking integrals, you may have to be clever. Lhere are only a certain set of rules and if an integration problem
doesn`t fit one of the rules, you may have to change the expression so that it does. Y call this a 8bag of tricks.<

        Lrick F " multiply out, then integrate        Lrick 2 " Split into individual fractions, then integrate

        F#G 2 3x dx#( )8 2                                        F]G  
x x

x
dx

2

4
3 1# #8  FQG

2 5 3 2x x
x

dx
#( ) #( )8  
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=e took derivatives of trig functions earlier in the year. So, natually, we should be able to go backwards and take
integrals involving trig functions.

Differentiation formula Integration formula
d
dx

x xsin cos( ) ! cos sinx dx x C 8 ! #

d
dx

x xcos sin( ) ! # sin cosx dx x C 8 ! # #

d
dx

x xtan sec( ) ! 2 sec tan2 x dx x C 8 ! #

d
dx

x x xcsc csc cot( ) ! # csc cot cscx x dx x C 8 ! # #

d
dx

x x xsec sec tan( ) ! sec tan secx x dx x C 8 ! #

d
dx

x xcot csc( ) ! # 2 csc cot2  dx x C8 ! # #

[ifferentiation and integration using the sine and cosine functions occur in calculus all the time and students
always get confused with signs. N good way to remember is to follow this chart.

                               
                                
                              
                                
 Differentiation       Integration
                                     
                           
                                
                              

sin

cos

sin

cos

sin

9

9

#

9

#

9

    

  

When you differentiate, you follow the chart down.

When you integrate,  you follow the chart up.

%xamples " find the integral of each of the following>

2OG 4sin x dx 8 2FG 
#8 2

3
cos x dx 22G 

5
2cos x

dx 8

2$G 4 9cos sinx x dx#( )8  2KG 
#.

/
0

1

2
38 sin

cos
x
x

dx2  2PG ! ! !2 22#( )8 csc  d



MasterMathMentor.com                                                      " F2$ "                                                                     Stu Schwartz

Yf you were given the statement that 
dy
dx

x! 4 , we can cross multiply to get dy x dx! 4  .  =e can now

integrate each side of the eCuation to get dy x dx8 8! 4  .  Trom there, we can solve for y.

Lhe original statement 
dy
dx

x! 4  is called a differential eCuation X[%QG. Yn a differential eCuation, you are given a

statement about the derivative of y, 
dy
dx

. Vour goal is to solve for y.  =e have done so with the exception of the

uC, the constant of integration. So we have a general solution  of the [%Q. aut suppose we were told that if x = O,
then y = P.  Trom there we can solve for C and we will thus have the specific solution of the [%Q.  Uet`s do so.

%xample FQG Solve the differential eCuation. %xample FbG Solve the differential eCuation.

$( ) ! # ( ) !f x x f3 1 2 3, $( ) ! # # ( ) ! #f x x x f2 2 2 3 1,

%xample 2OG Solve the differential eCuation. %xample 2FG Solve the differential eCuation.

$$( ) ! $( ) ! #( ) !f x f f2 4 1 1 2, , $$( ) ! $ #( ) ! ( ) ! #f x x f f2 5 30 2 1, ,

%xample 22G fiven that the graph of f x( )  passes through the point XF, #G and that the slope of its tangent line

         at x f x x, ( )( ) # is 2 1,  find f 6( ) .
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Indefinite Integration - Homework
F. #8 9 dx 2. #8 5  x dx $. 6 2#( )8 x dx 

K. x dx7 8 P. x x x dx4 3 2# #( )8  #. 3 43 2x x dx#( )8  

]. 
2
3

5
2

1
2

5x x dx# #
.

/
0

1

2
38  Q. 

3
4x
dx

.

/
0

1

2
38  b. 2 1 7

5 3# #
.

/
0

1

2
38 x x
dx 

FO. 5 x dx 8 FF. 5 5 x dx( )8  F2. x
x

dx
3

4
3

4

1
#

.

/
0

1

2
38  

F$. 3 23 x dx 8 FK. x dx#( )8 5 2  FP. 4 3 2x dx#( )8 3  

F#. 
x x

x
dx

3 4 1# #8 2
 3 F]. t t dt2 23#( )8  FQ. 

3 2 2x
x

dx
#( )8  
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Fb. 
3

5
cos x dx 8 2O. 1 6#( )8 cos x dx 2F. 

1
2x

x dx#
.

/
0

1

2
38 sin  

22. sec cos2 1t t dt# #( )8  2$. sin cos2 2x x dx#( )8  2K. 
sin
sin
x
x
dx

1 2#
8  

Solve the following differential eCuations.
2P. $$( ) ! $( ) ! ( ) ! #f x f f2 1 4 2 2, ,                                2#. $$( ) ! $( ) ! # ( ) !f x x f f2 2 1 3 1, ,

2]. $$( ) ! $( ) ! ( ) !f x
x

f f1 4 2 0 13
2

, ,                              2Q.   $$( ) ! $ "( ) ! "( ) ! #f x x f fcos , ,2 1
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u-Substitution - Classwork

=hen you take derivatives of more complex expressions, you freCuently have to use the chain rule to differentiate.
Lhe integration eCuivalent of the chain rule is called u"substitution. u"substitution allows you integrate expressions
which do not appear integratable.

FG x x dx2 5
1#( )8        Set up a u = ___________    Tind  

du
dx

= ___________. Solve for du  = _________

                              Vou need to manufacture your du  in the original expression. So you will have to
      multiply by ______ on the inside and thus multiply by ________ on the outside.
      jow change everything to u.

      jow integrate in terms of u.

      Tinally, change back to the variable x and add C.

2G 3 2 4x dx#( )8 $G 5 2x dx#8  

KG 4 6 1
2

3x dx#( )8  PG x x dx2 2#8  

#G x x dx2 31 4#8  ]G 
x
x

dx
2 123 #

8  

QG x x dx
1

2
3

2
9

2#.
/
0 1

2
38 bG x x x dx#( ) # #8 2 4 32  
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FOG x x dx#( ) #8 2 4 FFG  
x
x

dx#

#
8 5

6
 

F2G 
x
x

dx
2

1#8  F$G cos4x dx8  

FKG 3 1 3sin #( )8 x dx FPG sin cos3 x x dx8  

F#G tan sec10 10x x dx8  F]G tan sec2 2x x dx8  

FQG sin cosx x dx8  FbG 
cos

sin
x
x
dx

1#8  
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u-Substitution - Homework

F. x dx#8 2 2. 2 3 11x dx#( )8  

$. 5 1x dx#8  K. 6 13 x dx#8  

P. 5 3 4
2

3#( )8 x dx #. 
dx
x8 1 3
#( )

8  

].  x x dx2 6
2#( )8  Q.  6 3 12 3x x dx#8  

b. 1 1 13

2#
.

/
0

1

2
3
.

/
0

1

2
38 x x
dx FO. x x dx

1
3

4
3 98 #.

/
0 1

2
3

8

 

FF. 
2
3

4 3
5

#8 x dx F2. 3 15 10 42x x x dx#( ) # #8  
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F$. x x dx#( ) #8 2 2 FK. 
x
x

dx
2

4#8  

FP. sin5x dx8  F#. cos x dx
28  

F]. 
1
3

82sec x dx8  FQ. sin cos4 4x x dx8  

Fb.  cos sin3 x x dx8  2O. tan secx x dx28  

2F. cos sin6 6x x dx8  22.  
sin
cos
x
x

dx
4 3
#( )

8  
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Sigma Notation - Classwork

=e will switch gears for a section and learn a completely different type of problem.  Yt will be apparent within a
few sections why we are seemingly learning something unrelated to integration.

Suppose you were asked to find the sum of the first P terms of the following seCuence>

   F u 2 u K u w  = ________   \ow did you arrive at the answer^ ____________________________

Lhe problem with writing such addition problems with the ellipsis XwG , is that the rule for each term is not
apparent.  =e introduce notation called sigma notation for such problems using the freek letter sigma %.

Lhe sum of n terms a a a an1 2 3# # # #... is written as 
    

ai
i

n

!

:
1

 where i is the index of summation and   ai  is the ith

term of the sum.  jote that sigma notation does not help you to calculate the sum, only to write the sum.

%xamples " Tind the following sums.

FG 3
1

8

i!
: 2. i

i!
:

1

6

$. j
j

2

1

7

!

: K. k
k

3

2

3

!#

:

Since 
    

ai
i

n

!

:
1

 represents a summation of numbers, we can apply basic properties of addition and multiplication.

    
ka k ai

i

n

i
i

n

! !

: :!
1 1

 Xmeaning you can factor out k G
    

a b a bi i
i

n

i
i

n

i
i

n

±( ) ! ±
! ! !

: : :
1 1 1

 Xwrite one sum as 2 sumsG

Tind the following sums Xcalculators allowedG

PG 8
1

7

i
i!
: #G 5 2

1

5

i
i

#( )
!

: ]G i i
i

#( ) #( )( )
!

: 2 3
1

5

QG 
i

i 31

8

!

:

bG 
i
ii

#

!

: 2

1

6

FOG i
i

2

2

8

1#
!

: FFG #( )
!

: 1
1

100
i

i

F2G #( )
!

: 1 2

0

10
i

i

i

Technology>  Vou can use your LY"QK to generate and add terms of these seCuences. Lo create a seCuence you will
use the S%Q command found in 2nd  UYSL  dPS. Lhe format of this command is SeCXformula in x, x, starting x,

ending xG. Tor instance, problem P above 8
1

7

i
i!
:  would be  SeCXQn,n,F,]G. Lhis will generate the seCuence. jow to

add the terms, you use the sum command found in 2nd  UYSL  MNL\. ose SumXNnsG.  Vou can do this in one
fell swoop> SumXSeCXQn,n,F,]GG. Vou may only sum up to bbb terms.
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Ns Cuick as you can, find the sum i
i!
:

1

15

.  _____________

Suppose you were asked to find the sum i
i!
:

1

100

. =ould you add all FOO terms^  Lhere must be an easier way.

  i
i

! # # # # # # # # #
!

: 1 2 3 50 51 98 99 100
1

100

... ...        

  

Instead of adding your terms in sequential order,

add the first plus the last, 2nd and next to last,  etc.

Each gives a sum of 101. Altogether you have 101

added 50 times or 50(101) =  5050.
Lhere are formulas you can use to add many terms. =hile it is not necessary that you memorize the formulas, you
will find them extremely useful for difficult summations.

c cn
i

n

!

: !
1

i
n n

i

n

!

: !
#( )

1

1
2     

i
n n n

i

n
2

1

1 2 1

6!

: !
#( ) #( ) i

n n

i

n
3

1

2 21
4!

: !
#( )

%xamples " Tind the following sums.

F$G 3
1

45

i
i!
: FKG i

i

2

1

30

!

: FPG 2 12

1

50

i
i

#( )
!

:

F#G i i
i

2

1

60

4 2# #( )
!

: F]G 3 5 2

1

38

i
i

#( )
!

: FQG i i i
i

3 2

1

20

# #( )
!

:
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Sigma Notation - Homework

Tor each problem, determine the sum by generating each term and calculate using the calculator.

FG  3 2
1

6

k
k

#( )
!

:  2G  2
1

60

j!
:

$G  k
k

2

1

10

1#( )
!

: KG k
k

#( )
!

: 1 2

1

10

PG i i
i

#( ) #( )
!

: 1 2 3
1

5

#G 
i

ii #!

: 11

7

]G 
4

22
1

6

ii #!

: QG #( )
!

: 1 3

1

8
i

i

i

bG  2
3

9

i
i!
: FOG  i i

i

3 2

1

5

1# #( )( )
!

:

Use your formulas and calculators to calculate the values of the following.

FFG  5
1

17

i
i!
: F2G  i

i

2

1

20

!

:

F$G  i
i

2

1

20

1#( )
!

: FKG  i
i

#( )
!

: 4 2

1

25

FPG i i
i

3

1

30

#( )
!

: F#G i i
i

3 2

1

30

#( )
!

:

F]G i i i
i

3 2

1

10

2 5 3# # #( )
!

: FQG 2 3

5

30

i i
i

#( )
!

:



MasterMathMentor.com                                                      " F$$ "                                                                     Stu Schwartz

Area Under Curve - Classwork

dne of the basic problems of calculus is to find the slope of the tangent line Xi.e. the derivativeG at any point on the
curve. Lhe other basic problem is to find the area under the curve, that is the area between the curve and the x"
axis between any two values of x.

 aelow you are given a curve y f x! ( ). %stimate what you think the area is. Lhen on the next three graphs, draw
2 rectangles, K rectangles, and Q rectangles, total the areas of each and sum them for another estimate of the total
area under the curve.

    %stimate of area ______________  2 Rectangles>  _______ u ________ = ______

K Rectangles>  ____ u ____ u ____ u ____  = ______ Q Rectangles>  ____ u ____ u ____ u ____ u
         ____ u ____ u ____ u ____ = ______

Ns you can see, as you use more rectangles, your estimate gets better but the amount of work you have to do
increases. Lhis is the idea we bring as we start our study of area.  jow let`s get more exact.  Uet`s do the same
thing with another curve, but this time you will be given the function> f x x( ) ! #2 1.  dur problem is to estimate
the area under the curve between x = O and x  = K using 8right< rectangles.
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A1

A2

%stimate the area   _________________
Area A1 A2
Area

; # ! #

; ( ) # ( ) !
b h b h

b f b f
1 1 2 2

1 22 4

A1
A2

A3

A4

   

Area A1+ A2 + A3 + A4
Area
Area

;

; # # #

; ( ) # ( ) # ( ) # ( ) !
b h b h b h b h
b f b f b f b f

1 1 2 2 3 3 4 4

1 2 3 41 2 3 4
                  

Area A1 A2 A3 A4 A5 A6 A7 A8
Area
Area
            

; # # # # # # #

; # # # # # # #

; ( ) # ( ) # ( ) # ( ) #
( ) # ( ) # (

b h b h b h b h b h b h b h b h
b f b f b f b f

b f b f b f

1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8

1 2 3 4

5 6 7

5 1 1 5 2
2 5 3 3 5
. .

. . )) # ( ) !b f8 4

Ns you go through this process, several things should be apparent>
s [rawing the function is not really necessary.
s Lhe more rectangles you create, the more work you have to do. Yt is cust a lot of arithmetic.
s Yn each case, the base is same allowing you to factor it out.  Tor instance in the last case above,

            
b f b f b f b f b f b f b f b f

b f f f f f f f f
1 2 3 4 5 6 7 85 1 1 5 2 2 5 3 3 5 4

5 1 1 5 2 2 5 3 3 5 4

. . . .

. . . .
( ) # ( ) # ( ) # ( ) # ( ) # ( ) # ( ) # ( ) !

( ) # ( ) # ( ) # ( ) # ( ) # ( ) # ( ) # ( )( )
 

 
s Lhe more rectangles you create, the more accurate the area should be. So it should be apparent that

True Area !
&'

!

:lim
n i

i

n

A
1

%xamplesG Tind the area under the following functions using the indicated number of rectangles>

FG f x x( ) ! #3 1 1 5 on [ , ] 2. f x x( ) ! #2 2 53 on [ , ] $.   f x x x( ) ! #2 3 2 4 6-  on [ , ]

aG K                       bG Q   aG $                    bG # aG Q
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Riemann Sums - Classwork

Ns a common example, this worksheet will use this problem.  Tind the area under the function f x( )  given in the
picture below from x = F to x =  P.  =hat we are looking for is the picture on the right.  =e will look at K
techniCues>  right rectangles, left rectangles, midpoint rectangles and trapezoids.

                                   

Tirst some common statements. =e will use K rectangles or trapezoids in this worksheet but you are expected to
learn the techniCue for any number of rectangles or trapezoids. dbviously, if we wish K rectangles and the values
of x run from F to P, the base of each rectangle is F.  \ere are the K pictures of what we are looking for.

      Right rectangles           Left rectangles

                                   

 Lhe height of the rectangle is on the right side.                           Lhe height of the rectangle is on the left side.
 Lhis will underestimate the area Xthis case onlyG.       Lhis will overrestimate the area Xthis case onlyG.

   Midpoint rectangles        Trapezoids

     

  Lhe height of the rectangle is in the middle.                       Lhe vertical lines represent the bases of the trapezoids
  Lhis ends up both over and underestimating the area. Lhe result is a very good approximation to the area.
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=hen we divide our picture into K rectangles, we have to find the base of each rectangle. Yn this case, since we
were interested in doing this from x = F to x = P, and there were K rectangles, we lucked out because the base of
each rectangle is F.  Lhat won`t always happen.  Yn general, let`s call the base = b.

jow let us define x x x x xn0 1 2 3, , ..., as the places on the x"axis where we will build our heights, where n represents
the number of rectangles Xor trapezoidsG. Yn this case,

                                                  x x x x x0 1 2 3 41 2 3 4 5! ! ! ! !, , , ,    .

Yn the case of left rectangles, the area will be> Yn the case of right rectangles, the area will be>

A bh bh bh bh
A b h h h h
; # # #

; # # #( )
0 1 2 3

0 1 2 3

A bh bh bh bh
A b h h h h
; # # #

; # # #( )
1 2 3 4

1 2 3 4

                                            but since h f xi i! ( ) , we can say

A b f x f x f x f x; ( ) # ( ) # ( ) # ( )( )0 1 2 3 A b f x f x f x f x; ( ) # ( ) # ( ) # ( )( )1 2 3 4

                                            so, in the specific case above

A f f f f; ( ) # ( ) # ( ) # ( )( )1 1 2 3 4 A f f f f; ( ) # ( ) # ( ) # ( )( )1 2 3 4 5
                                                      so in general:

 A b f xi
i

n

; ( )
!

#

:
0

1

A b f xi
i

n

; ( )
!

:
1

                                              Lhese are called Riemann Sums.

Yn the case of midpoint rectangles, you have to find the midpoint between your x x x x xn0 1 2 3, , ...,
Lhe midpoint between any two x values is their sum divided by 2, so you will use>

A b f
x x

f
x x

f
x x

f
x x

;
#( ).

/
0

1

2
3#

#( ).

/
0

1

2
3#

#( ).

/
0

1

2
3#

#( ).

/
0

1

2
3

(

)
*

+

,
- 0 1 1 2 2 3 3 4

2 2 2 2

Yn our case, A f f f f;
#( ).

/
0

1

2
3#

#( ).

/
0

1

2
3#

#( ).

/
0

1

2
3#

#( ).

/
0

1

2
3

(

)
*

+

,
-1

1 2
2

2 3
2

3 4
2

4 5
2

 or A f f f f; ( ) # ( ) # ( ) # ( )( )1 1 5 2 5 3 5 4 5. . . .

Tor trapezoids, remember that area A b b! 7 7 #( )1
2 1 2height  Lhat is when the trapezoid looks like this>

                       b1

    b2

  h
Since our traezoids are on their sides, we will say

  
A h h! 7 7 #( )1

2 1 2base

So, the total area A b f x f x f x f x f x f x f x f x; ( ) # ( )( ) # ( ) # ( )( ) # ( ) # ( )( ) # ( ) # ( )( )( )1
2 0 1 1 2 2 3 3 4 

or, in our case A b f x f x f x f x f x b f f f f f; ( ) # ( ) # ( ) # ( ) # ( )( ) ! ( ) # ( ) # ( ) # ( ) # ( )( )1
2

2 2 2 1
2

1 2 2 2 3 2 4 50 1 2 3 4  

Yn general, the trapezoidal rule> A b f x f x f x f x f x f xn n; ( ) # ( ) # ( ) # ( ) # # ( ) # ( )( )#

1
2

2 2 2 20 1 2 3 1 ...
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Uet`s try one>  Uet f x x( ) ! #2 3. =e want to find the area under the curve using Q rectanglesItrapezoids from
x = 2 to x = #.  Tirst, let`s draw it. jote that the curve is completely above the axis. Yf it dips below, the method
changes slightly.

                                    Lhe drawing of the curve is helpful, but not necessary.

Since there are Q rectangles, and we are finding the area between x = 2 and x = #, the base is _________

Uet`s complete the chart>
i xi f xi( )
O
F
2
$
K
P
#
]
Q

So, the right rectangle formula gives _________________________________________________

      the left rectangle formula give _________________________________________________

      the trapezoid formula gives      _________________________________________________

jote that the chart will not give you the midpoint formula.  Uet`s do it here>

        _____________________________________________________________________

Lhe calculator can generate this chart.  Uet`s use right rectangles.  fo to SLNL   %[YL and clear out UF and U2.

Place your xi in UF. Yt will look like this>          jow U2 contains f xi( ) . Since your function is in VF, use

jow, you want to sum your U2 list and multiply it by your base which is .P.  So go to your home screen and use>

    Vou will find the SoM command in your UYSL  MNL\ menu.

\ow do you adcust this for left rectangles^ ___________________________________________________
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Interpretation of Area

F.  N car comes to a stop P seconds after the driver slams on the brakes. =hile the brakes are on, the following
velocities are recorded.  %stimate the total distance the car took to stop.

Lime since brakes applied XsecG O F 2 $ K P
Welocity XftIsecG QQ #O KO 2P FO O

2.  Vou cump out of an airplane. aefore your parachute opens, you fall faster and faster. Vour acceleration
decreases as you fall because of air resistance.  Lhe table below gives your acceleration a Xin mIsec2G after t
seconds.  %stimate the velocity after P seconds.

t O F 2 $ K P
a b.QF Q.O$ #.P$ P.$Q K.KF $.#F

$. @edarbrook golf course is constructing a new green. Lo estimate the area A of the green, the caretaker draws
parallel lines FO feet apart and then measures the width of the green along that line. [etermine how many
sCuare feet of grass sod that must be purchased to cover the green if

aG Lhe caretaker is lazy and uses midpoint rectangles to calculate the area.
bG Lhe caretaker uses left rectangles to calculate the area.
cG Lhe caretaker uses right rectangles to calculate the area.
dG Lhe caretaker uses trapezoids to calculate the area.

=idth in feet O 2Q PO #2 #O PP PF $O $
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Riemann Sums - Homework

Tor each problem, approximate the area under the given function using the specified number of rectanglesI
trapezoids.  Vou are to do all K methods to approximate the areas.

x Tunction Ynterval jumber Ueft

Rectangles

Right

Rectangles

Midpoint

Rectangles

Lrapezoids

F f x x x( ) ! # #2 3 4 kF,Kl #

2 f x x( ) ! k2,#l Q

$ f x x( ) ! 2 kO,Fl P

K f x x( ) ! sin kO,!l Q

Nnswers are below>
x Ueft Rectangles Right Rectangles Midpoint Rectangles Lrapezoids
F b.F2P F2.F2P FO.K$Q FO.#2P
2 ].#PO Q.F#Q ].bFK ].bOb
$ F.$KP F.PKP F.KK2 F.KKP
K F.b]K F.b]K 2.OF$ F.b]K

P.  Roger decides to run a marathon. Roger`s friend Heff rides behind him on a bicycle and clocks his pace every FP
minutes. Roger starts out strong, but after an hour and a half he is so exhausted that he has to stop. Lhe data
Heff collected is summarized below.   Nssuming that Roger`s speed is always decreasing, estimate the distance
that Roger ran in aG the first half hour  and bG the entire race. XLrapezoidsG

Lime spent running XminG O FP $O KP #O ]P bO
Speed XmphG F2 FF FO FO Q ] O

#.  @oal gas is produced at a gasworks. Pollutants in the air are removed by scrubbers, which become less and less
efficient as time goes on. Measurements are made at the start of each month Xalthough some months were
neglectedG showing the rate at which pollutants in the gas are as follows. ose trapezoids to estimate the total
number of tons of coal removed over b months.

Lime XmonthsG O F $ K # ] b
Rate pollutants are escaping
XtonsImonthG

P ] Q FO F$ F# 2O

].  Tor O # t # F, a bug is crawling at a velocity v, determined by the formula v
t

!
#
1

1
  , where t is in hours and v is

in metersIhr.  Tind the distance that the bug crawls during this hour using FO minute increments.

Q.  Nn obcect has zero initial velocity and a constant acceleration of 32 ft sec2 .  @omplete the chart to find the
      velocity at these specified times.  Lhen determine the distance traveled in K seconds.

t XsecG O .P F F.P 2 2.P $ $.P K
v ft sec( )


