Q. Right Angle Trigonometry

Trigonometry is an integral part of AP calculus. Students must know the basic trig function definitions in terms
of opposite, adjacent and hypotenuse as well as the definitions if the angle is in standard position.

Given a right triangle with one of the angles named 6, and the sides of the triangle relative to 6 named opposite
(»), adjacent (x) , and hypotenuse () we define the 6 trig functions to be:

. opposite hyptotenuse r

SIDQZL:X cscezyp—_:_

hypotenuse r opposite y

nypotenuse -~ adjacent  x hyptotenuse r

M oppasite cosf = L X secO = yp— =—

hypotenuse r adjacent X
S opposite adjacent x
Aacent tanf = —pp =2 cot§ = LT — =—
adjacent x opposite Yy

The Pythagorean theorem ties these variables together: x* +y* =r”. Students
) should recognize right triangles with integer sides: 3-4-5, 5-12-13, 8-15-17,
| 7-24-25. Also any multiples of these sides are also sides of a right triangle.
Since r is the largest side of a right triangle, it can be shown that the range of
sin@ and cos® is [—1,1],the range of csch and sec@ is (—oo,—1]U[1,0)

and the range of tan6 and cot8 is (—oo,c).

Also vital to master is the signs of the trig functions in the four quadrants. A good way to remember this is
A —S—T—-C where All trig functions are positive in the 1% quadrant, Sin is positive in the 2™ quadrant, Tan is
positive in the 3" quadrant and Cos is positive in the 4™ quadrant.

1. Letbe a point on the terminal side of 6. Find the 6 trig functions of 6. (Answers need not be rationalized).

a) P(-8,6) b. P(1,3) c. P(—10,-6)

x=-8,y=6,r=10 x=1,y:3,r=\/ﬁ x=—\/ﬁy=—\/€,r=4
. 3 5 3 J10 . 6 4
sin@ =— csch=— inf =— =y sin@ = ——— cscl=———
5 3 sin@ \/ﬁ cscO 3 4 \/g
4 5 1 J10 4
cosf=—— secf=—— cosf = —— secO =+/10 cosf=——" secl=———
J10 4 J10
3 4
=_= = 1
tan6 4 cotd 3 tanf =3 cot@=— tan@:\/§ cot@ = é
3 5 3
If cos® =2, @ in quadrant IV If secd =+/3
2, =S quacra ’ 3. sec‘ - 4.1s 3cosO+4 =2possible?
find sin@ and tan6 find sin® and tan®
x=2,r=3y=-/5 0 is in quadrant I or IV 3cosl =2

\/g le,y:i\/z,r:\/g
sinezi\/g, tan0=i\/§

sin@ = __S’tane =— cosf = —% which is possible.
3
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Q. Right Angle Trigonometry - Assignment

1. Letbe a point on the terminal side of 6. Find the 6 trig functions of 6. (Answers need not be rationalized).

a) P(15,8) b. P(-2.3) c. P(-25.—5)

12 6 . 2410
5 If tan@ = 5 0 in quadrant III, 3 If cscO = 3 0 in quadrant II, 4 coth = 3
find sin@ and cos@ find cos@ and tan@ find sin® and cos@

5. Find the quadrants where the following is true: Explain your reasoning.

a. sinf@>0 and cosf <0 b. cscO <0 and cotd >0 c. all functions are negative

6. Which of the following is possible? Explain your reasoning.

a. 5sinf=-2 b. 3sinx+4cosf=8 c. 8tanf+22 =85
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R. Special Angles

Students must be able to find trig functions of quadrant angles (O, 90°,180°,270°) and special angles, those
based on the 30°—60°—90° and 45°—-45°—-90° triangles.

First, for most calculus problems, angles are given and found in radians. Students must know how to convert
degrees to radians and vice-versa. The relationship is 27 radians = 360° or & radians = 180°. Angles are

assumed to be in radians so when an angle of 3 is given, it is in radians. However, a student should be able to

o

picture this angle as = 60°. It may be easier to think of angles in degrees than radians, but realize that

: o . . .1
unless specified, angle measurement must be written in radians. For instance, sin”™' (5 =—.

: : 3 : .
The trig functions of quadrant angles (0, 90°,180°,270° or 0,%,7:,7”) can quickly be found. Choose a point

along the angle and realize that 7 is the distance from the origin to that point and always positive. Then use the
definitions of the trig functions.

0 point X y r | sin@ | cos@ tan 0 csco sec@ cot@
0 (1,0) 1 0 1 0 1 0 doeg not 1 does. not
exist exist
T or 90° (0,1) 0 1 1 1 0 does. not 1 does. not 0
2 exist exist
7 or 180 (-1,0) | -1 0 1 0 1 0 doeg not 1 does. not
exist exist
M oor2700 | (0-1) [ o | a1 | 1| o |Doesnot] - doesnot)
2 exist exist
If you picture the graphs of y =sinx and y =cosx as shown to _
the right, you need not memorize the table. You must know '
these graphs backwards and forwards. LR
y=sinx

» Without looking at the table, find the value of

a. 5co0s180°—4sin270°

5(-1)—4(-1)

—5+4=-1

SSinE—6tan7r
2

3
5secmw—csc—
2
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Because over half of the AP exam does not use a calculator, you must be able to determine trig functions of

special angles. You must know the relationship of sides in both 30°—60°—90° (%,%,%j
and 45°—-45°-90° (Z,E,zj triangles.
442
60°
2
1 1
30° .
\3 1
In a 30° - 60° — 90° (f,f,f triangle, In a 45°— 45°—90° (f,f,f) triangle,
632 47472
the ratio of sides is 1—+/3 —2. the ratio of sides is 1—1—+/2.
0 sin@ cosf tan 6
1

30°|or © = ﬁ ﬁ

6 2 2 3

1

45°|or * ﬂ ﬂ

4 2 2

1

60° | or = V3 = ﬁ

3 2 2

Special angles are any multiple of 30° (%) or 45°(%) . To find trig functions of any of these angles, draw

them and find the reference angle (the angle created with the x-axis). Although most problems in calculus will
use radians, you might think easier using degrees. This will create one of the triangles above and trig functions

can be found, remembering to include the sign based on the quadrant of the angle. Finally, if an angle is outside
the range of 0° to 360°(0 to 27), you can always add or subtract 360°(27) to find trig functions of that angle.

These angles are called co-terminal angles. It should be pointed out that 390° # 30° but sin390° = sin30°.

* Find the exact value of the following

2
a. 4sin120°—-8cos570° b. (ZCOSE—Stan%)

Subtract 360° from 570°
43in120°—-8c0s210°

120° is in quadrant II with reference angle 60°.

(2c0s180° - 5tan315°)”
180° is a quadrant angle

o ] 315° is in quadrant IIT with reference angle 45°
210° is in quadrant IIT with reference angle 30°.

2

2
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R. Special Angles — Assignment

* Evaluate each of the following without looking at a chart.

1. sin*120°+cos*120° 2. 2tan®300° + 3sin’150° — cos* 180°

3. cot’135°—sin210°+ 5cos® 225 4. cot(-30°)+ tan(600°) — csc(—450°)
vY3 3z Y iz 57\ . 1 5

5. | cos— —tan— 6. | sin———tan— || sin——+ tan—
3 4 6 6 6 6

* Determine whether each of the following statements are true or false.

coss—ﬂ+1 0055—7r
7. sin£+sin£:sin(£+£) 8. 357[ = 57:3
6 3 6 3 tan’=——  sec——1
3 3
00534—”+sin4—ﬂ
9, 2(37”+sin37”j(1+cos37”j>o 10. 3 3 50

,4r
Ccos” —
3
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S. Trigonometric Identities

Trig identities are equalities involving trig functions that are true for all values of the occurring angles. While
you are not asked these identities specifically in calculus, knowing them can make some problems easier. The
following chart gives the major trig identities that you should know. To prove trig identities, you usually start
with the more involved expression and use algebraic rules and the fundamental trig identities. A good
technique is to change all trig functions to sines and cosines.

Fundamental Trig Identities
CSCX = — , secx= ! , cotx= L, tan x = sin x , cotx= C'OSX
S x CoSXx tan x CoSXx S x
sinx+cos’x=1, l+tan’x=sec’x, l+cot’x=csc’x
Sum Identities
sin(A+ B)=sinAcosB +cos Asin B cos(A+ B)=cosAcosB—sinAsin B
Double Angle Identities
sin(2x) = 2sinxcosx cos(2x)=cos’ x—sin*x =1-2sin’ x =2cos’ x—1

* Verify the following identities.

1. (tan2 x+1)(cosz—1) =—tan’ x 2. secx—cosx =sinxtanx

1 COS X
2 s 2 —COS X
(SeC X)(—Sln .X) COSX COSX
1 . l—cos’x sin’x
> (—sm x) =
cos” x CcoSX COSX
—tan2 . sin x )
tan _x sin x =simnxtanx
COSX
cot’x l-—sinx l+sinx  cosx
. =— 4, + —— =2secx
1+cscx sin x COSX 1+4sinx
cos’ . .
sin” x sin’ x _ cos’ x I+sinx \( 1+ S?le + COS.x COSX
: 1 |sin®x  sin® x+sinx CcosXx 1+sinx 1+sinx /\ cosx
+— . )
sin x 1+ 2sinx +sin’+ cos” x
1-sin’x _ (1+sinx)(l-sinx) cosx(1+sinx)
sinx(1+sinx) sinx(1+sinx) 1+2sinx+1 _ 2+42sinx
1—sinx cosx(1+sinx) cosx(1+sinx)
sinx 2(1+sinx)
————F _=2secx
cosx(1+sinx)
5. cos*2x —sin* 2x = cos4x 6. sin(37 — x) =sinx

(cos2 2x+sin’ 2)5)(cos2 2x—sin’ 2x)
1[ 2(2 )] sin37 cosx — cos3msin x
cos2(2x

0(cosx)—(—1)sinx =sinx
cos4x
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S. Trig Identities — Assignment

* Verify the following identities.

1. (1+sinx)(1-sinx) =cos’ x

1—secx
3, ——————=-secx
1—-cosx

5.
sinx+siny cosx+cosy
cscx
7. csc2x =
2cosx

www.mastermathmentor.com

COS X — COS sin x —sin
y+ y —0

46

2.sec’x+3=tan’*x+4

1 1
. + =
l+tanx 1+cotx

sin’® x+cos’ x

6. ————— =1—sinxcosx
sinx + cosx
cos3x .
8. =1—4sin’x
COS X
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T. Solving Trig Equations and Inequalities

Trig equations are equations using trig functions. Typically they have many (or infinite) number of solutions so
usually they are solved within a specific domain. Without calculators, answers are either quadrant angles or
special angles, and again, they must be expressed in radians.

For trig inequalities, set both numerator and denominator equal to zero and solve. Make a sign chart with all
these values included and examine the sign of the expression in the intervals. Basic knowledge of the sine and

cosine curve is invaluable from section R is invaluable.

* Solve for x on [0,27)

1. xcosx=3cosx 2. tanx+sin’x=2—-cos’ x

Do not divide by cosx as you will lose solutions o 2
tanx+sin“ x+cos“ x=2

You must work in radians.

Saying x = 90° makes no sense.

cosx(x—B):O tanx+1=2
cosx=0 x=3=0 tanx =1
n 31w x=3 T Sm
x:—’— x:_’_
22 4 4

Two answers as tangent is positive

in quadrants I and III.

3. 3tan’x—1=0 4. 3cosx=2sin’x

3cosx=2(1—coszx)
2. _
3tan”x =1 2cos’x+3cosx—2=0
tanzxzé (2cosx—1)(cosx+2)=0
_ 4 1_+\/§ 2cosx =1 cosx=-2
tanx =% 3° 73 1 No solution
CoOSX =—
x=F 57 I lx 2
66 6 6 L=F T
373
2 +1
7. Solve for x on [0,277) : T2 5
sin” x
-1 2w 4rn +++4+4++4+H0-——-————— o——————— O+++++++
2cosx=—-1=Dcosx=—=x=—,—
2 33, 2z 4 )
sin®x=0= x=0,7 3 T 3 "
Answer: {O,z—ﬂ)u(él—ﬂlﬂ)
3 3
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T. Solving Trig Equations and Inequalities - Assignment

« Solve for x on [0,27)

1. sin*x=sinx 2. 3tan’ x =tanx

. 2 2 .
3. sin“x=3cos" x 4. cosx+sinxtanx =2
5. sinx=cosx 6. 2cos’x+sinx—1=0

X—T7

cos’ x

7. Solve for x on [0,27): <0
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U. Graphical Solutions to Equations and Inequalities

You have a shiny new calculator. So when are we going to use it? So far, no mention has been made of it. Yet,
the calculator is a tool that is required in the AP calculus exam. For about 25% of the exam, a calculator is
permitted. So it is vital you know how to use it.

SCI_ ENG
num oxzanss?as
DEGRE

There are several settings on the calculator you should make. First, so you don’t get into
rounding difficulties, it is suggested that you set your calculator to three decimal places.
That is a standard in AP calculus so it is best to get into the habit. To do so, press MODE]

3:08)

and on the 2™ line, take it off FLOAT and change it to 3. And second, set your calculator to
radian mode from the MODE screen. There may be times you might want to work in
degrees but it is best to work in radians.

S Maximum
tintersect
dy dx

PSP (x0dx

OV A
) A

You must know how to graph functions. The best way to graph a function is to input the
function using the El key. Set your XMIN and XMAX using the WINDOW| key. Once you do that, you can
see the graph’s total behavior by pressing 0. To evaluate a function at a specific value of x, the easiest

way to do so is to press these keys: ‘VARS‘ | — | ‘1 :Function 1\ \I:Yl\ and input your x-value.

Other than basic calculations, and taking trig functions of angles, there are three calculator features you need to
know: evaluating functions at values of x and finding zeros of functions, which we know is finding where the
function crosses the x-axis. The other is finding the point of intersection of two graphs. Both of these features
are found on the TI-84+ calculator in the CALC menu [TRACE]. They are 1:value, 2: zero, and 5: intersect.

Solving equations using the calculator is accomplished by setting the equation equal to zero, graphing the
function, and using the ZERO feature. To use it, press ’2_NXD‘ [TRACE||ZERQ|. You will be prompted to type in a
number to the left of the approximate zero, to the right of the approximate zero, and a guess (for which you can
press ). You will then see the zero (the solution) on the screen.

* Solve these equations graphically.

1. 2x*—9x+3=0 2. 2cos2x—x=0 on [0,27) and find 2cos(2¢)—
Flotl Flotz FPlots Vizznz-9%e3 Ploti Plotz Plot: \ Vi (ed -1.7393
\V152x2 IK+3 / ‘/ :$;52c05(2X>-x .
Wiz NV
iy We=
:3:; “We= 2ero
\Wo= 8% v=0 Hz4.137 =0 W= #=.626 V=0
This equation can be solved with the quadratic formula. - - -
4 4 If this were the inequality 2cos2x—x >0,
+/81— +/
_0%V81-24  9%V57 the answer would be [0,0.626).
4 4
3. Find the x-coordinate of the intersection of y=x’ and y =2x -3
| You can use the intersection feature. | Or set them equal to each other: x’ =2x-3 orx’ =2x+3=0

Floti Flotz Flots Floti Flotz Flots

W BKE \Y1ERF-2K4+3

“W2B2X-3 We= A
W= 74 Wa=

\Wy= Wy=

“We= “We=

NV d “We= 2¢ro
Intersection
W= #=-1.893 ¢ |v=-6.787 \Yo= %=-1.893
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U. Graphical Solutions to Equations and Inequalities — Assignment

* Solve these equations or inequalities graphically.

1.3x’=x-5=0 2. X’ =5x>+4x-1=0
3. 2x%—1=2" 4. 2In(x+1)=5cosx on [0,27)
5. x*=9x*=3x-15<0 6. Wm on [0,8]
x +1
7. xsinx®>0 on [0,3] 8. cos” x>x> on [-1,1]
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